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By creating opportunities for participation and intellectual engagement, 
standardized classroom routines are large determinants of the conceptual meaning 
students make. It is through repeated engagement in patterns of talk and intellectual 
practices that students are socialized into ways of thinking and habits of mind. The focus 
of this study is on moment-to-moment interactions between teachers and students in order 
to describe, identify and operationalize meaningful regularities in their discourse. Using 
classroom-level measures, I investigate the robustness of relationships between students’ 
mathematics achievement and discursive patterns across multiple classrooms with the 
statistical methods of Hierarchical Linear Modeling.  
Specifically, I investigated two theoretically significant constructs reflected in 
teacher’s follow-up moves – responsiveness and intellectual work. Responsiveness is an 
attempt to understand what another is thinking displayed in how she builds, questions, 
clarifies, takes up or probes that which another says. Intellectual work reflects the 
cognitive work requested from students with a given turn of talk.  
 viii 
After developing coding schemes to measure and quantify these discursive 
constructs, statistical analyses revealed positive relationships between the responsiveness 
and intellectual work of teachers’ follow-up and student learning of rate and 
proportionality (p=.01 and .08, respectively). Additionally, classroom communities with 
higher levels of responsiveness and intellectual work moderate the effect of prior 
knowledge on student learning by decreasing the degree to which pretest scores predict 
students’ post-test achievement (though neither are statistically significant).  
Based on these results, I conclude that classroom discourse and normative 
interaction patterns guide and influence student learning in ways that improve 
achievement. Recommendations are primarily concerned with ways the educational 
community can support and encourage teachers to develop responsive, intellectually 
demanding discursive patterns in their classrooms. In particular, we need to increase the 
awareness of the power of discourse, provide appropriate and sustained support for 
teachers to change current patterns, re-examine the design of teacher preparation 
programs, and develop ways to thoughtfully integrate responsiveness and intellectual 
work with core mathematics content. There is tremendous and often unrealized power in 
the ways teachers talk with their students; it is our obligation to help teachers learn how 
to recognize and leverage this power. 
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 Chapter One:  Introduction 
RATIONALE 
With the recent American Competitiveness Initiative (http://www.whitehouse. 
gov/news/releases/2006/01/20060131-5.html, accessed May 8, 2008) and the ensuing 
commission of the National Mathematics Advisory Panel, our nation has seen its 
collective focus drawn again toward K-12 mathematics and science education. What was 
once the province of educators is now the concern of business, industry, the popular 
press, and politicians. Despite the report’s narrow rationale for improving math education 
(and the undertones of fear and sensationalism), I am encouraged by the renewed energy 
and attention focused on the teaching and learning of mathematics. Answering the 
unresolved questions about what mathematics our children should learn, how they best 
learn it, and how we best prepare our teachers to guide learning will take the collective 
efforts of parents, teachers, administrators, policy makers, and researchers.  
To begin answering these questions, the National Math Panel makes 43 
recommendations, many of which identify gaps in the research base and possible research 
trajectories. The subcommittee reports focusing on teachers and instructional practices 
call for studies that look at the dynamic and complex nature of the classroom – studies 
that probe the interaction between content knowledge, instructional practices, 
opportunities to learn, and student achievement (National Mathematics Advisory Panel, 
2008, p.37). Though it may sound simple, Hiebert and Grouws claim that “documenting 
particular features of teaching that are consistently effective for students’ learning has 
proven to be one of the great research challenges in education” (2007, p.371). They, too, 
emphasize the need to explore the complex interrelationships of the classroom and 
propose “… the coherent and systematic construction of a knowledge base that 
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documents robust links between teaching and learning and provides insights into the 
mechanisms that are responsible for such links” (p.399).  
Conspicuous in its absence in the panel’s report is one of the fundamental tools 
used to enact the goals of education – namely, classroom discourse. This is unfortunate as 
the interactive nature of discourse provides a natural connection between the mutually 
dependent processes of teaching and learning. Moreover, discourse is the primary 
medium for the delivery of instruction. Whether talk itself is the main activity or the 
means to engage in the activity (e.g., designing a mousetrap car, creating mathematical 
models, learning how to square dance in PE, etc.), most of the “doing” in classrooms is 
conversation. It would be odd indeed to imagine a classroom without conversation. 
Language is the vehicle of learning (Mercer, 1995; Vygotsky, 1986; Wells, 1999). 
Because talk is so commonplace, the kinds of conversations that occur in classrooms are 
likely to play a significant role in students’ learning. Therefore, in this research I study 
discourse not only because of its prevalence in classrooms but also because it is an 
indicator of interaction naturally reflecting the complex interrelationships between 
teaching and learning. 
LANGUAGE AS A TOOL FOR LEARNING 
Vygotsky’s view of language as a mediational tool helps to clarify the role of 
language in teaching and learning. All tools, whether language, manipulatives or 
hammers, fundamentally transform the potential for action and make new kinds of 
meaning and understanding possible (Vygotsky, 1986; Wertsch, 1991a, 1991b). Consider 
graphing calculators. When working by hand to generate a t-table for
! 
f x( ) = "x 2 + 2x " 5, 
one can become mired in details, worrying about correct signs for squaring and 
multiplying. By reducing the computational complexity, graphing calculators afford 
opportunities for students to analyze entire families of functions, vary parameters, and 
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compare similarities and differences across families. The use of graphing calculators in 
Algebra has the potential to shift how students engage with the concept of function 
resulting in more holistic and flexible understandings.  
Similarly, when language is conceived of as a tool, it no longer serves a solely 
communicative function but acts as an instrument used to order and understand the 
surrounding environment (Barnes, 1992). Much of education, then, is “learning to use 
language – to represent ideas, to interpret experiences, to formulate problems and … [to] 
shape our thoughts” (Mercer, 1995, p.75). As a hammer is to a carpenter, so is language 
to a teacher and her students. Unfortunately, the common use of discourse in classrooms 
is not unlike a hammer swung clumsily at one’s thumbs. Because many teachers are 
unaware of its potential to transform learning, they use discourse unskillfully and often 
unconsciously; its potential as a tool is largely unrecognized. 
RESPONSIVE TEACHING AND INTERACTION PATTERNS 
One of the obvious responsibilities of a teacher is to select topics of study and 
plan curricular activities. Less obvious is the responsive aspect of teaching, how teachers 
work with students in-the-moment. Wells describes responsive teaching this way,  
Having created the setting and provided the challenge, the teacher observes how 
students take it up, both individually and collectively, and acts to assist them in 
whatever way seems most appropriate to enable them to achieve the goals that 
have been negotiated (1996, p.83).  
This micro-level of classroom action consists of teachers’ moment-to-moment 
discourse moves – asking the right question at just the right time, withholding an 
evaluative comment in order to press a student to explain why she got her answer, asking 
students to analyze one another’s thinking, etc. It is at the micro-level where discourse 
plays a major role.  
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But teachers alone do not determine patterns of interaction. Because of the 
reciprocal, dependent and unpredictable nature of discourse, students play a significant 
part in co-constructing these context-dependent ways of engaging in their classrooms. 
Ways of responding and interacting are negotiated, internalized, and eventually become 
recognized ways of doing things in the community. This is not a phenomenon unique to 
schools, but a general characteristic of social groups and organizations (Garfinkel, 1967; 
Holland et al., 1998; Lave & Wenger, 1991). As in any community, classroom events 
develop a sense of coherence over time where certain types of discourse moves are 
expected and employed as standard routines of behavior. Through these familiar and 
repeated patterns of interaction, learning occurs. Thus, differences in discourse patterns 
(e.g., consistently requesting justifications instead of answers only) can lead to 
differences in learning. 
WHAT WE HAVE LEARNED ABOUT DISCOURSE AND WHAT REMAINS TO BE 
LEARNED 
Studies of classroom discourse are often conflated with studies of broader 
classroom constructs such as activity structures, student argumentation, classroom norms, 
and student engagement (Herrenkohl & Guerra, 1998; Polman, 2004; Wood, 1999; 
Yackel, 2002; Yackel & Cobb, 1996). In these studies, discourse is the means by which 
activity structures, participant frameworks, and sociomathematical norms are realized in 
the classroom. But discourse is the heart of the classroom – not only does it create and 
sustain the global, organizing classroom structures and activities, but talk transforms 
thought through the clarifying, solidifying, reflecting, testing, and comparative functions 
of uttering. Certainly discourse is a useful indicator of more global constructs that exist 
on different time scales, but patterns in the moment-by-moment construction of talk are 
also important mediators of learning. 
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Research shows that certain discursive moves such as revoicing, high-level 
questioning, animating and positioning students, encouraging argumentation, and 
focusing on student thinking create opportunities for conceptual understanding and, in 
some instances, are positively related to student achievement (Empson, 2003; Hiebert & 
Wearne, 1993; Nystrand et al., 1997; O’Connor & Michaels, 1993 & 1996; Pierson, 2007 
& 2008b; Wood et al., 2006; Yackel, 2002). These studies strive to understand the 
complex learning environments we call classrooms, to identify features of discourse with 
positive effects on learning, and to understand reasons why these features are effective. In 
general, these studies are detailed investigations of the rich interactions between teachers 
and students working together to construct mathematical understanding (some are 
naturalistic, observational studies and others, design experiments, that help us envision 
what is possible). Because of the time-intensive nature of the microanalysis of classroom 
discourse, this research is largely qualitative and uses small samples of classrooms. 
Although extremely important, these studies are not suited to making broader claims 
about the role of discourse in learning mathematics. We are left wondering whether the 
observed effectiveness of certain discourse moves in specific classrooms generalizes to a 
larger sample of classes. Should practices that seem to be effective on a small-scale be 
recommended to all teachers to use with all students in all content areas? Quantitative 
studies of classroom discourse are useful because they can help us answer these 
questions. They can model and test the relationship between normative and potentially 
effective classroom discourse patterns (identified from smaller, qualitative studies) and 
mathematics learning to determine if differences in discourse explain variation in 
achievement across classrooms. 
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USING QUALITATIVE AND QUANTITATIVE METHODS TO ANSWER QUESTIONS 
ABOUT DISCOURSE 
This study combines a fine-grained analysis of discourse with Hierarchical Linear 
Modeling (HLM) to explore the relationship between discourse patterns in mathematics 
classrooms and student learning. My focus is on moment-to-moment interactions 
between teachers and students in order to describe, identify and operationalize 
meaningful regularities in their discourse. Using classroom-level measures of discourse, I 
investigate the robustness of relationships between students’ mathematics achievement 
and discursive patterns across multiple classrooms with the statistical methods of HLM.  
Specifically, I examine characteristics of talk embedded in teachers’ follow-up. I 
chose to focus on follow-up (instead of teacher’s initiating moves or some other linguistic 
category) based on Mehan (1979a), Sinclair and Coulthard (1975), and Wells’s (1996, 
1999) description of the widespread IRE/IRF (Initiation-Response-Evaluation/Follow-up) 
patterns found in schools. Follow-up is one of the primary ways teachers support and 
extend student learning since the choices made in follow-up constrain and enable the 
kinds of classroom discussion that occur (Mercer, 1995; Wells, 1999). Classroom 
conversations on the same topic, carried out in multiple classrooms, unfold differently. 
They may begin with the same general topic or even the same question, but they can end 
in different places and traverse different ground along the way. A significant source of 
this variation is found in teachers’ choices of follow-up moves. Do they follow-up to 
evaluate or to extend, to provide the right answer or to elicit student thinking, and do 
regularities in these differences, in turn, influence learning?  
MOTIVATING INTELLECTUAL WORK AND RESPONSIVENESS 
I am interested in two theoretically significant constructs that are reflected in 
teacher’s follow-up moves – the extent to which teachers “take up” students’ ideas and 
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focus on student thinking while teaching (responsiveness) and the amount of intellectual 
work (intellectual work) required of students (Carpenter et al., 1989; Haneda, 2004; 
Hiebert & Wearne, 1993; Nystrand et al. 1997; O’Connor & Michaels, 1996; Pierson, 
2007; Stein, Remillard & Smith, 2007; Vygotsky, 1978; Wells, 1999). Responsiveness 
reflects a conversational partner’s attempt to understand what another is thinking 
displayed in how she (or he) builds, questions, clarifies, takes up, or probes that which 
another says. Intellectual work reflects the cognitive work set in motion and requested 
from students with a given turn of talk. High levels of intellectual work extend thinking 
and include discursive moves such as providing justifications, examples, conjectures, 
explanations, and challenges; making connections across representations; generating 
problems and scenarios (contextualizing); or requesting these activities from students. A 
classroom in which the teacher is responsive to her students’ thinking and requires high 
levels of intellectual work can benefit both the students and the teacher. Benefits could 
include:  
1. More opportunities for students to engage deeply with fundamental mathematics 
concepts and processes based on their current thinking and, in some cases, larger 
achievement gains in problem solving and conceptual understanding (Carpenter et 
al., 1989; Fennema et al. 1996; Stein et al., 1996; Stein & Lane, 1996; vanZee & 
Minstrell, 1997; Vygotsky, 1978; Wiliam et al., 2004; Wood, 1999; Wood et al., 
2006), 
2. Alignment with practices of mathematicians and scientists, namely the practices 
of argumentation and the zigzag process of proof and refutation (Ernest, 1991; 
Goos, 2004; Kline, 1980; Lakatos, 1976; Lampert, 1990; Yackel, 2002), 
3. Increased teacher knowledge both of student thinking and the mathematical 
content itself so she can better plan and target instruction to student needs (Black 
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& Wiliam, 1998; Fennema et al., 1996; Franke et al., 2001; Wiliam, 2007; Wiliam 
et al., 2004), 
4. The creation of classroom environments in which students are empowered as 
doers of mathematics with increased confidence, agency, persistence, motivation 
and positive math identities (Boaler, 2002; Boaler & Greeno, 2000; Empson, 
2003; Gresalfi, Martin, Greeno & Hand, in press; Pierson, 2008a; Stipek et al., 
1998). 
METHODS AND RESEARCH QUESTIONS 
In order to examine the impact of varying levels of responsiveness and intellectual 
work on student learning, I relied on a combination of qualitative and quantitative 
methods. Because my focus is the moment-to-moment talk occurring in classrooms, I 
used discourse analysis to identify normative interaction patterns in transcripts of 
classroom discourse (Sacks, Schegloff & Jefferson, 1974; Schiffrin, 1994; Wells, 1999) 
and did a detailed analysis of teacher follow-up moves, coding each for intellectual work 
and responsiveness. My research questions were:  
1. What are the general patterns of teacher follow-up moves? 
2. How can I quantify and measure patterns in responsiveness and intellectual work 
in a meaningful and reliable way? 
3. What is the relationship between the responsiveness of teacher follow-up moves 
in a curricular unit on rate and proportionality and 7th graders learning of 
mathematics as measured by a validated pre-and post-test? 
4. What is the relationship between the level of intellectual work in teacher follow-
up moves in a curricular unit on rate and proportionality and 7th graders learning 
of mathematics as measured by a validated pre-and post-test? 
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After operationalizing, developing and refining coding schemes for 
responsiveness and intellectual work, I used a statistical model (HLM) to examine the 
relationships between patterns of these variables reflected in classroom discourse and 
mathematics achievement scores.  
In the following chapters I will outline my conceptual framework, provide a 
detailed rationale for this study, and discuss my methods, findings and implications. 
Chapter Two describes relevant research on classroom interaction, discourse, and 
mathematics learning before turning to responsiveness and intellectual work. I briefly 
define both constructs (detailed definitions and coding schemes follow in Chapter Three) 
and justify their inclusion in my framework and statistical model. In Chapter Three I 
discuss the methodological approaches of discourse analysis and hierarchical linear 
modeling, operationalize responsiveness and intellectual work, and describe in detail the 
coding schemes for both. In Chapter Four I present the major findings and results of the 
study. Chapter Five concludes the paper with a discussion of the findings, 
recommendations, and future directions for this line of research. 
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Chapter Two: Literature Review 
THE SOCIAL ASPECT OF LEARNING – LEARNING IN INTERACTIVE COMMUNITIES 
Teaching and Learning: Necessarily Connected 
My research takes as its theoretical premise that learning occurs in interaction. 
Teaching and learning are not individual acts separate and distinct from one another. 
Therefore, they are best done together in a space where the roles of a more 
knowledgeable other and her students blur as the community negotiates understandings 
and co-constructs meaning. 
Although interaction is often viewed as external to an individual and therefore 
requiring others’ participation, that other is not necessarily a person; a teacher can be a 
textbook, a song, a parent, a friend, an email, or a conversation from an hour ago. 
Bakhtin’s notion of dialogicality goes further, even suggesting that conversation with 
oneself is interactive. Our thoughts are not really our own but part of an ongoing 
conversation where we respond to and anticipate the voices of others. Ideas are 
continually influenced and shaped by others (Bakhtin, 1981; Wertsch, 1991b). Vygotsky, 
too, alludes to interaction. He theorized that social experience was critical in cognitive 
development because the actions observed and first enacted in community provide 
opportunities for children to plan, rehearse, and reason. Eventually these social activities 
(e.g., argumentation) are internalized and become higher mental processes via the oft-
cited yet still ambiguous interpersonal/intrapersonal transformation (1978, p.57). From 
this point of view, the quality of classroom interaction between students and teachers is 
critical to how and what children learn. “Students grow into the intellectual life of those 
around them” (Vygotsky, 1978, p.88). 
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Isaac Newton, one of the men credited with creating Calculus – a seemingly 
individual and independent activity – reflected on the social aspect of learning when he 
said, “If I have seen further, it is by standing on the shoulders of giants.” Newton realized 
that it was only through the contributions of others who had gone before him that he was 
able to transform the landscape of modern mathematics. In this respect, Calculus is a 
social creation, where, in a Bakhtinian sense, Newton appropriated the words of others 
and “populat[ed them] with his own intention, his own accent” (Wertsch, 1991b, p.59). 
The historical text of the body of existing mathematical knowledge served a dialogic and 
interactive function for Newton by acting as a thinking device to generate new meanings 
and reveal previously unseen connections. As a result, not only does Calculus reflect 
Newton, but also the multiple voices with which he conversed (Johnstone, 2002; 
Wertsch, 1991b). As learners we, too, are continually interacting and conversing 
informally with the spoken and written word; we are always “in conversation” even when 
our mouths are closed. 
Language and Learning 
As the hallmark of interaction, language held particular interest for Vygotsky not 
only because of its communicative function but also because of its potential to transform 
future thought through the internal organization of ideas and the externalization of 
thinking. “Thought undergoes many changes as it turns into speech. It does not merely 
find its expression in speech; it finds its reality and form,” Vygotsky asserts (1986, 
p.219). The act of organizing disconnected and vague ideas through verbalization 
solidifies and produces meaning for self. Wells describes it as the “coherence achieved in 
the acts of saying” (1999, p.107). Additionally, by making utterances public objects of 
reflection, language reflects the dynamic and malleable nature of thinking: verbalizing 
thought provides opportunities to challenge, test and revise it. Language is a tool we use 
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to externalize thinking so our ideas become concrete and accessible to ourselves and 
others.  
In the context of school and education, selecting interaction as the focal point has 
a strong theoretical basis while also avoiding teacher-student dichotomies. One critique 
of psychological research is that it tends to “focus on either teaching or learning, rather 
than the development of knowledge and understanding as a joint achievement” (Mercer, 
1995, p.44). Thus it is important to acknowledge that a teacher and her students are not 
disconnected entities but mutually constitutive. It is within the social context of formal 
schooling that I investigate how teachers and learners complement, reciprocate, and 
extend one another’s thinking and actions through the use of discourse.  
PERSPECTIVES ON INTERACTION 
Effective Teaching and Correlational Approaches 
Historically, research on classroom interaction has focused predominantly on 
teachers and relatively fixed personality traits they possess or teaching behaviors they 
exhibit (e.g., amount of coursework in teaching area, type of degree, certification, 
enthusiasm, confidence, levels of questioning, amount of homework given, etc.). This is 
reflected in the process-product research tradition of the 70s and 80s which essentially 
legitimized teaching as a topic worthy of study (Brophy & Good, 1986; Doyle, 1977; 
Ebmeier & Good, 1979; Good & Grouws, 1979; Rosenshine, 1976). This line of research 
was the first to seriously and systematically study teaching in real classrooms. Similarly, 
production function literature (Greenwald et al, 1996; Wayne & Youngs, 2003) attends to 
the broader context of school characteristics and resources (teacher salaries, educational 
facilities, class size, expenditure per pupil, etc.) and their impact on student achievement 
(an indicator of teacher effectiveness). The underlying approach is to link student 
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achievement scores to teacher (or school) characteristics based on significant correlation 
coefficients. The problem was that this was often done with little cohesive reasoning or 
adequate theory to support the statistical connection. Moreover, many of these studies 
essentially remove students as active agents in the learning process presenting a one-
sided and slightly deterministic view of learning (Doyle, 1977). Reframing research to 
consider the joint nature of interaction in classrooms instead of isolated, poorly-defined 
teacher (or school or even student) characteristics will yield insights into the messy, 
spontaneous reality of the classroom. 
Recent research on interaction has moved in this direction – it is contextualized, 
taking a fine-grained approach to understanding the nuances of teaching and learning 
mathematics. Because earlier research on teaching was often atheoretical, content-free, 
and rarely answered questions of why or how certain variables influenced student 
learning or teacher actions, there has been a move away from lists of observables and 
correlation coefficients. We see a turn toward different units of analysis and theoretically 
significant features of classroom contexts.  
Factors Influencing Teacher-Student Interaction 
Research following the process-product paradigm shifted the focus to factors 
influencing teacher-student interaction. In broad strokes, this research considers the 
interrelationships between various curricula, activity structures, tasks, teacher knowledge, 
classroom norms, instructional environments, discourse patterns, contexts for 
argumentation and their possible relationships to student learning (Goos, 2004; Hammer, 
1995; Hiebert & Wearne, 1993; Hogan, Nastasi & Pressley, 1999; Polman, 2004; Saxe, 
Gearhart, & Seltzer, 1999; Stein et al., 1996; Wells, 1999; Wood, 1999; Wood et al., 
2006; Yackel, 2002; Yackel & Cobb, 1996). In some of these studies classroom discourse 
is an element (see Wood et al., 2006 & Hiebert & Wearne, 1993), but, for most, the focus 
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is on global factors related to classroom structure, organization, and practices as opposed 
to the local, moment-to-moment construction of talk. In these studies excerpts of 
classroom discussion are used as evidence in support of larger constructs such as 
sociomathematical norms, reform-based pedagogies, or problem-based learning 
environments. Discourse itself is not the object of interest but the means for studying 
other constructs.  
I posit that moment-to-moment decisions and interactions are the life of the 
learning environment. Certainly it is shortsighted to study classroom discourse without 
also accounting for the larger instructional contexts that influence and determine the 
space of possible discourse moves. However, talk is both global and local, and giving 
precedence to breadth of view often comes at the expense of depth and nuance. Talk is 
constrained by the larger social contexts it functions within, but it also enables and 
defines them (Erickson, 2004; Jaworski & Coupland, 1999). Frameworks that 
underemphasize the impact of bottom-up local social practices on larger-scale processes 
largely miss the power of everyday routines – they fail to identify the discursive 
mechanisms of the now and next in real-time interaction that influence learning. For 
example, familiar classroom activities such as show-and-tell or doing lab experiments 
occur frequently in school, but the discourse through which they are realized does not 
follow the same pattern from occasion to occasion or teacher to teacher (Wells, 1996). It 
is these differences in the details of talk (built up over time) that establish expectations 
for participation, create habits of mind, and reveal the amount, kind and depth of 
intellectual work required of students. It is important, then, to examine how the structure 
of classroom discourse influences student learning. 
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RESEARCH ON DISCOURSE 
Research by Sinclair and Coulthard (1975) and Mehan (1979a) in the late 70s 
looked specifically at discourse, focusing on the form and structure of everyday 
conversation in schools (not necessarily in mathematics classrooms). Both identified the 
now infamous triadic dialogue or IRE/F (Initiation-Response-Evaluation or Initiation-
Response-Follow-up) pattern prevalent in school discourse. Mercer, Wells, Lemke and 
Cazden have continued the work of these earlier linguists and sociologists, developing a 
variety of frameworks to describe and analyze classroom discourse, presenting 
alternatives to traditional IRE patterns, and building discourse-intense theories of 
classroom teaching and learning (Cazden, 2001; Lemke, 1990; Mercer, 1995; Wells, 
1999). Consistent throughout all of their work is the premise that understanding is not 
passively gained from one’s companions or teacher, nor acquired in individualized 
discoveries, but constructed in exploratory talk where learners conjecture, explain, 
defend, analyze, critique, justify, and contest with one another (some refer to these 
interactions as dialogic – see Nystrand et al., 1997; Wells & Arauz, 2006; Wertsch, 
1991b). As a group, these researchers pursue questions about the kinds of classroom talk 
that create conditions for students to construct knowledge and how teachers can 
effectively use discourse to scaffold students. In particular, Wells and Lemke look at 
activity structures in classrooms and (drawing from Halliday’s systemic functional 
linguistics and Leont’ev’s activity theory) describe the interrelationships between the 
larger classroom organization, teacher goals, and moment-to-moment ways of interacting 
(Lemke, 1990; Wells, 1999).  
Drawing from the frameworks set forth by Wells, Mercer, Cazden and others, 
later studies of discourse (most within the last fifteen years) use microanalytic techniques 
to relate discourse patterns to a variety of classroom features. These features include 
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teacher goals (Nathan & Knuth, 2003; vanZee & Minstrell, 1997), student engagement 
(Herrenkohl & Guerra, 1998; Stipek et al., 1998), inquiry stances to teaching and learning 
(Carlsen, 1991; Hammer, 1995), students’ access to content (Cornelius & Herrenkohl, 
2004; Gutierrez, 1994), classroom norms (Cobb, Boufi, McClain & Whitenack, 1997; 
Yackel, 2002; Yackel & Cobb, 1996), activity structures (Gresalfi, Martin, Greeno & 
Hand, in press; Polman, 2004; Wells, 1996), identity (Boaler & Greeno, 2000; Pierson, 
2008a), and issues of access, stratification, and equity (Mehan, 1984; Moschkovich, 
2002; Turner, Dominguez, Maldonado, Empson, 2006 & 2007) – all of which mediate 
student learning and thinking.  
Discourse Analysis in Mathematics Education 
The rise of a discursive approach in math education has happened slowly over the 
past 15 to 20 years drawing its momentum mainly from Vygotsky and Bakhtin along with 
an increased emphasis on situated, everyday learning and ethnographic approaches that 
describe the roles of culture and community in learning (Schoenfeld, 2002; Sfard, 
Forman & Kieran, 2001; vanOers, 2001). Sfard, Forman and Kieran (2001) describe this 
approach as “a distinctive research framework that, because of its obvious emphasis on 
the issues of language and communication, can be called discursive or communicational” 
(p.2) but note that it is still under construction. 
What do we gain from a discourse-based approach to studying mathematical 
thinking, learning, teaching and doing? First, this framework acknowledges the influence 
of social contexts on learning. It is consistent with a view of learning mathematics as 
becoming fluent in its discourse and with research that considers interpersonal 
interactions as critical mediators of students’ learning. Second, a discourse analytic 
approach acknowledges both students and teachers as active agents in the process of 
learning. Third, this approach allows one to view learning mathematics as improving 
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participation in a community of practice, shifting from legitimate peripheral participation 
to full participation (Lave & Wenger, 1991). This definition of mathematics learning has 
led to new approaches to understanding it. Studies of how meta-rules, norms, and “taken-
as-shared” meanings are built up over time; the roles of tools and symbolization in 
mathematical thinking; the construction of mathematics identities, dispositions and 
motivation; and explorations of equity, authority, power and hegemony (reflected and by 
influenced discourse) are elements of this new research framework. 
In math education, discourse analysis has multiple meanings, serves a variety of 
purposes, and has a wide range of expressions. Because of the importance of Erna Yackel 
and Paul Cobb’s work on sociomathematical norms, research using discourse to identify 
“hidden,” everyday norms of mathematical functioning (see Garfinkel and 
ethnomethodology) is common. The analysis of children’s moment-by-moment actions 
during problem solving and while interacting with tools/technology has been used to 
uncover embodied and intuitive understandings, key cognitive constructs for particular 
math content, and how instructional tools can mediate mathematical learning and 
thinking (Gravemeijer, 1999; Nemirovsky, 1998 & 2005; Thompson, 1994; and 
Thompson & Thompson, 1994 are examples of this, although none claim to use discourse 
analysis per say). Discourse analysis has also been used in studies of conceptual 
development with respect to certain mathematical topics such as estimation, randomness, 
and rate (Forrester & Pike, 1998; Pratt & Noss, 2002). And, finally, another topic of 
research in math education investigated via discourse analysis is identifying, describing 
and creating classroom communities and participation structures that foster 
argumentation skills, higher-order thinking, active listening, and an ability to critique 
others’ ideas and reasoning (e.g., Cobb et al., 1997; Empson, 2003; Goos, 2004; Gresalfi 
et al., in press; Stephan & Rasmussen, 2002; Wood, 1999; Yackel, 2002).  
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DISCURSIVE ROUTINES AND THEIR RELATIONSHIP TO LEARNING 
Recently more studies are turning to patterns in classroom talk itself and the 
impact these patterns have on opportunities to learn, student thinking, and student 
learning (Hiebert & Wearne, 1993; Kawanaka & Stigler, 1999; Pierson, 2007 & 2008b; 
Wood et al., 2006). Routines help us organize, coordinate and manage the complexities 
of classroom life while providing us with a sense of normalcy and familiarity. By 
creating opportunities for participation and intellectual engagement, standardized 
classroom routines are large determinants of the conceptual meaning students make. In 
other words, one’s thinking and learning is influenced by the familiar routines of 
classroom life (Lave & Wenger, 1991). Therefore, students cannot help but be shaped by 
the classroom cultures they operate within. Recurrent patterns are built up over time and, 
when examined, indicate normal and stable ways of engaging with one another and the 
content. Gee describes this as “ways of being” (1990, p.142). It is through repeated 
engagement in patterns of talk and intellectual practices that students are socialized into 
the ways of thinking and habits of mind acceptable to the community. Through repetition 
and modeling, students appropriate interaction patterns – they learn to be inquisitive and 
full of wonder or to get by with minimal effort; they learn to accept superficial answers 
with no justification or to demand deeper conceptual understanding as norms.  
In her discussion of classroom question and answer sequences, Kennedy (2005) 
states that “teachers devise standard ways of posing questions and students learn that 
there are standard ways of responding to these questions” (p.95). Gutierrez calls these 
standard ways of posing questions and responding “instructional scripts” (1994). Scripts 
are “normative patterns of life within a classroom” that students use for “interpreting the 
activity of others and for guiding their own participation.” They are negotiated after 
“repeated interactions … with particular social and language patterns constructed both 
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locally and over time” (p.340). The underlying rules, organization, and discourse of 
scripts reflect classroom norms, participants’ beliefs, classroom epistemology, and 
opportunities available for students to engage with curriculum content.  
Kennedy goes on to identify three basic routines teachers use to manage 
classroom conversation (what she calls Q&A sessions): I-R-Reinforcements, Guessing 
Games, and I-R-Probe. An I-R-Reinforcement consists of an initiation, a response, and 
either a repetition of the student response or some kind of compliment about the response 
(e.g., perfect, good job). In a Guessing Game routine, teachers pose a series of related 
questions to guide students toward a desired conclusion, not unlike Edwards and 
Mercer’s (1987) description of cued elicitation. Because the end point is often hidden 
from students, they attempt to guess the correct answer, relying on verbal and nonverbal 
cues from the teacher (pauses, intonation, gestures, etc.) and/or outright rejection of their 
responses (Kennedy, 2005, p.103). The last Q&A routine Kennedy identifies is I-R-Probe 
which involves an initiation, a response, and an additional clarifying or probing question. 
In contrast to the most common use of questions in American classrooms, questions here 
extend and scaffold student understanding as well as provide teachers with insight into 
student comprehension. Instead of personally addressing points of confusion, correcting 
wrong answers, or answering student questions, the teacher in an I-R-Probe pattern turns 
these responsibilities over to the class. Because students are not told answers, this 
interactional routine encourages continual revision of thinking and collectively “working 
on understanding” (Barnes, 1992).  
Notice in these three Q&A routines – I-R-Reinforcement, Guessing Games, and I-
R-Probe – the primary difference is in the follow-up. This suggests that by purposefully 
and consistently exploiting follow-up moves, teachers can establish very different 
classroom cultures and opportunities to learn and do mathematics. Consider a classroom 
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where the teacher routinely withholds evaluative follow-up comments. Not only does this 
discourse move discourage a focus on answers only, it also gives students responsibility 
for determining the correctness of responses thereby placing a larger cognitive burden on 
them (Cazden, 2001; Hammer, 1995; O’Connor & Michaels, 1996; vanZee & Minstrell, 
1997; Wood, 1999). When this is done over time and across situations, learning is no 
longer remembering what one’s teacher says but understanding, monitoring, and thinking 
for oneself. Unfortunately, this is not the norm as the dominant form of discourse in 
American classrooms is the recitation script or cued elicitation sequence (Edwards & 
Mercer, 1987; Gutierrez, 1994; Inagaki, Morita, & Hatano, 1999; Kawanaka & Stigler, 
1999; Nystrand et al., 1997; Sinclair & Coulthard, 1975; Tharp & Gallimore, 1988). Its 
familiar series of rapid-fire question and answer exchanges efficiently checks conceptual 
mastery for large groups of learners, but is not responsive to students and does little to 
help them elaborate on their ideas. 
Based on the assumption that normative interaction routines influence the nature 
of learning, my research is an analysis and operationalization of discourse patterns in 
mathematics classrooms in order to identify their relationship to mathematics learning. I 
use discourse analysis to systematically uncover regularities in the organization of 
everyday talk in classrooms and then determine their power in explaining variation in 
student learning with statistical methods. 
FOLLOW-UP AS AN INDICATOR OF INTERACTION 
Conversation unfolds in the moment. It cannot be scripted in advance of the 
instance in which it occurs. What is said next depends on and references what is said now 
but also anticipates what will be said in the future. In conversation, participants create 
mutual opportunities to engage with one another while also constraining the range of 
appropriate responses for their partner’s next discursive move. While one cannot fully 
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capture the richness and detail or the unpredictable nature of classroom interaction 
outside of direct experience, follow-up moves reflect the interactive and dependent nature 
of discourse. Follow-up moves “look backward” in that they are indicators of teacher 
responsiveness to student contributions and ideas. Follow-up also “looks forward” as it 
anticipates, and to some extent determines, the level of student involvement in further 
extension of the content. Even though follow-up is an individual contribution to 
discourse, it is dialogic in many respects and cannot be considered as independent from 
the contributions of conversational partners. 
The literature on discourse patterns and student learning consistently indicates 
that teacher follow-up of student responses mediates what they learn (Cazden, 2001; 
Forman & Ansell, 2002; Haneda, 2004; O’Connor & Michaels, 1993, 1996; Pierson, 
2008b; Springer & Dick, 2006; vanZee & Minstrell, 1997; Wells, 1996). In particular, 
differential responses in the Evaluation or Feedback slot in IRE/IRF patterns affect the 
level of students’ intellectual engagement and opportunities to learn (Haneda, 2004; 
Mehan, 1979a; Nystrand et al, 1997; Wells, 1993, 1996, 1999). The pervasive tendency 
in schools is for participants (primarily teachers) to use the follow-up slot exclusively for 
evaluative purposes; thus Mehan’s (1979a) and Lemke’s (1990) description of triadic 
dialogue or IRE patterns (as opposed to IRF) in school discourse (see also Cazden, 2001; 
Sinclair & Coulthard, 1975; Wells, 1993, 1996, 1999). The difference between IRE and 
IRF patterns is precisely what my study aims to explore. When following-up to evaluate, 
the evaluative move can signal the end of a discussion; there is often no space for a 
productive exchange to develop (especially when evaluation emanates from an 
authoritative source). What happens when the purpose of follow-up is to elaborate on 
student ideas? Does this affect student learning?  
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Nystrand’s studies of eighth and ninth grade English classrooms suggest it does. 
Their research shows a statistically significant positive correlation between achievement 
scores and high-level evaluation where high-level evaluation is defined as certification or 
acknowledgment of a response and the subsequent incorporation of that response into 
class discourse (Nystrand et al., 1997). Many researchers have addressed the underlying 
constructs of high-level evaluation using different terminology. What Nystrand and 
colleagues term high-level evaluation, others call revoicing (O’Connor & Michaels, 
1993, 1996), high level press (Kazemi & Stipek, 2001), uptake (Collins, 1982; Haneda, 
2004), collaborative scripts (Gutierrez, 1994), or, more generally, follow-up (Sinclair & 
Coulthard, 1975; Wells, 1993, 1996, 1999). As these studies show, follow-up moves can 
“realize a wide variety of functions [besides evaluation], many of which validate 
students’ contributions by taking up and extending them or inviting students to do so 
themselves” (Haneda, 2004, p.181) 
A focus on teacher follow-up moves acknowledges that teachers, by virtue of 
their institutional authority, have greater conversational control and can more easily 
influence the tone, atmosphere, and interactional norms negotiated within the classroom 
community. “By the choices that they make within the IRF format, teachers can create 
different learning opportunities for their students according to the pedagogic purposes 
they have in mind at particular moments” (Haneda, 2004, p.181). The small, daily 
decisions teachers make in structuring discourse solidify and become routines of 
interaction in their classrooms. A recent study by Webb, Nemer & Ing shows the power 
teachers have in shaping students’ individual patterns of talk. They found that students 
working in small groups generally adopted the teacher’s style of instruction which, by 
and large, guided students toward desired responses by asking highly structured, discrete 
questions. Teachers rarely tried to uncover student thinking or encouraged students to ask 
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questions; neither did students in their small groups (Webb et al., 2006). In light of this, 
one of the goals of this study is to bring classroom conversation, and particularly follow-
up moves, into teachers’ consciousness so they can model productive discourse patterns.  
RESPONSIVENESS AND INTELLECTUAL WORK: CHARACTERISTICS OF FOLLOW-UP 
THAT INFLUENCE STUDENT LEARNING 
The cognitive work in student’s mental activity and engaging with student 
thinking and are two characteristics of interaction evident in teachers’ follow-up moves. 
What I refer to as responsiveness and intellectual work have strong theoretical and 
empirical links to student learning (Carpenter et al., 1989; Fennema et al., 1996; Hiebert 
& Wearne, 1993; Nystrand et al., 1997; Stein & Lane, 1996; O’Connor & Michaels, 
1996; Wells, 1999). In the following sections I introduce, motivate, define and describe 
the supporting theoretical frameworks for both constructs. I end with a brief summary of 
the chapter – highlighting benefits of these discursive practices, why teachers might want 
to increase their prevalence in classroom discourse, and possible mechanisms for how 
intellectual work and responsiveness influence student learning.  
Responsiveness 
Motivation for and Definition of Responsiveness 
One characteristic of classroom discourse hypothesized to influence learning is the 
prevalence of student ideas in a classroom community (Carpenter et al., 1999; Empson & 
Jacobs, to appear; Fennema et al., 1996; Jacobs & Ambrose, 2008; Nystrand, et al., 1997; 
O’Connor & Michaels, 1996). Is the classroom a place where students conjecture, revise, 
challenge, and test one another’s thinking, or is it primarily a showcase for the teacher’s 
knowledge? Whose ideas are the focus? 
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In his study of discourse in high school science classes, Jay Lemke observed that 
the routines of school, including the ways teachers and students talk to one another, 
reflect underlying beliefs, values and social norms. In particular, he cites common 
patterns of dialogue pervasive in American classrooms (e.g., triadic dialogue and teacher 
monologue) which reinforce the social norm that “they [students] are there to listen to the 
teacher, not each other … what matters officially in the classroom is that each individual 
student pays attention to the teacher” (1990, p.78). Traditional models of schooling and 
many of the familiar, taken-for-granted practices of education position the teacher as the 
subject-matter expert whose job is to provide clear explanations of difficult mathematical 
topics which most children will probably never understand. The students’ job is to 
remember what they have been told. What, then, can be gained by focusing on students’ 
thinking which can be rife with mistakes, unclear explanations, and faulty reasoning? 
After all, can we really expect students to invent calculus or even the traditional 
algorithm for subtraction with regrouping?1  
Knowledge of and sensitivity toward students’ thinking are hallmarks of the 
seminal research program, Cognitively Guided Instruction (CGI – Carpenter, Fennema, 
Franke, Levi & Empson, 1999). This body of research found that teachers who learned to 
focus on children’s mathematical thinking through participation in CGI professional 
development gradually shifted both their beliefs and instructional practices (Fennema et 
al., 1996; Franke et al, 2001). Moreover, students in CGI classes had higher achievement 
gains in problem solving while performing equivalently on basic computational and 
numeracy skills when compared to their counterparts in control classrooms (Carpenter et 
                                                
1 In fact research has shown children to be quite capable of informally “inventing” the Fundamental 
Theorem of Calculus given the appropriate instructional contexts and representational tools (see Stroup, 
2002) as well as the traditional algorithm for subtraction with regrouping (see Carpenter et al, 1999). Even 
if students do not invent correctly, research shows the benefits of doing activities that elicit and make 
visible student thinking (see Schwartz & Martin, 2004). 
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al., 1989). Research by Saxe and colleagues found similar results in the domain of 
fractions. They found a positive relationship between integrated assessment and students’ 
problem solving performance where integrated assessment is defined as “the extent of 
opportunity for students to reveal their understandings, to receive interpretations of their 
contributions, and to provide interpretations of others’ contributions” (Saxe et al., 1999, 
p.11).  
In this study, responsiveness reflects the extent to which teachers “take up” 
students’ thinking and focus on student ideas in their moment-to-moment interactions. 
Although teachers’ discursive moves can fulfill a wide variety of functions, I am 
particularly interested in those which “validate students’ contributions by taking up and 
extending them or inviting students to do so themselves” (Haneda, 2004, p. 181; see also 
Jacobs & Ambrose, 2008). I am defining this characteristic of classroom discourse as 
responsiveness. As the name suggests, it indicates responsiveness to another’s thinking or 
comments as reflected in discourse. Responsiveness can also be thought of as sensitivity 
or genuineness in conversation: an attempt to understand what another is thinking 
displayed in how a conversational partner builds, questions, probes, clarifies, or takes up 
that which another has said. It is an indicator of the depth and quality of interaction in a 
classroom. For example, if there is a genuine exchange of ideas where teacher and 
student build and co-construct knowledge, this would be reflected in a high level of 
responsiveness.  
Findings From Research  
As alluded to in the previous section, research indicates that responsive 
classrooms provide more opportunities for students to engage deeply with fundamental 
mathematical concepts and processes based on their own current thinking and, in some 
cases, is linked to achievement gains in problem solving and conceptual understanding 
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(Carpenter et al., 1989; Fennema et al., 1996; Nystrand et al., 1997; Saxe et al., 1999). 
What I call responsiveness2 goes by a variety of names in the literature, including uptake 
(Collins, 1982; Haneda, 2004; Nassaji & Wells, 2000; Nystrand et al., 1997), integrated 
assessment (Saxe et al., 1999), and eliciting children’s thinking (Fennema et al., 1996; 
Franke et al., 2001). This collection of research comes from a variety of disciplines and 
makes use of multiple research methodologies ranging from experimental studies in 
elementary mathematics classrooms to large-scale observational studies of high school 
language arts classrooms (using correlation and regression analyses) to in-depth analyses 
of classroom interactions, discourse, and social norms in elementary science and math 
classrooms, college-level Japanese classes, and one-on-one problem solving interviews.  
In their study of four upper-elementary mathematics classes, Kazemi & Stipek 
(2001) identified sociomathematical norms that worked together to promote students’ 
conceptual engagement with mathematics. A critical feature of these classroom cultures 
was for teachers to “take students’ ideas seriously in their attempts to support 
understanding” (p.79). Jacobs and Ambrose further explain this finding in their research 
saying, “Only after hearing how a child is thinking about a problem can a teacher decide 
on a next move that supports and builds on that child’s thinking” (2008, p.14). Children’s 
mathematical thinking is at the core of their framework for characterizing teacher-student 
interactions. In this framework, they define four categories of interaction – directive, 
observational, exploratory and responsive (see also Empson & Jacobs, in press). The last 
three categories focus on student thinking but vary in the extent to which student ideas 
are, 1.) successfully drawn out, and 2.) integrated with research on children’s learning of 
                                                
2 Following Wells’s (1999) characterization of “responsive teaching” and based on Jacobs & Ambrose’s 
description of “responsive engagement with children's mathematical thinking” as interactions where a 
teacher elicits a child’s thinking and then bases corresponding instruction on that knowledge (2008, p. 2). 
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mathematics.3 Because of the potential to extend and deepen students’ mathematical 
thinking, Jacobs and Ambrose posit that responsive interactions are potentially more 
beneficial to student learning. Quantitative studies confirm this, finding a positive 
relationship between sensitivity to student thinking (i.e., responsiveness) and learning 
outcomes (Carpenter et al., 1989; Nystrand et al., 1997).  
Recently, research in math education has emphasized the linguistic idea of 
revoicing as a potentially powerful discursive tool for teachers (Chapin, O’Connor & 
Anderson, 2003; Forman & Ansell, 2002; Herbel-Eisenmann, Drake & Cirillo, 2008; 
O’Connor & Michaels, 1996). Responsiveness is related to revoicing but emphasizes a 
specific function of follow-up moves instead of realizing a given linguistic form. 
O’Connor and Michaels (1993, 1996) draw on Goffman’s (1981) notion of footing and 
participant framework to describe the follow-up move of revoicing. Revoicing can take 
the form of rebroadcasting an utterance to reach a larger audience thereby infusing it with 
more power and strength; it can align or oppose students (juxtaposition) in relation to the 
content by attributing certain claims to certain students (animation). Revoicing can 
position students in intellectual roles consistent with practices in the discipline; it can 
reformulate ideas through clarification, introducing new terminology, or highlighting a 
specific aspect; and it can provide an opportunity to explicate one’s reasoning (Forman & 
Ansell, 2002; O’Connor & Michaels, 1993, 1996).  
Revoicing is not synonymous with high levels of responsiveness; it is a linguistic 
construct that can be categorized with respect to responsiveness. In other words, each 
revoicing move exists somewhere on a continuum from low to high responsiveness (as 
does any other linguistic construct). For example, rebroadcasting (an echoing move) is a 
form of revoicing with low responsiveness, whereas truly revoicing a student idea is a 
                                                
3 Note that Jacobs & Ambrose’s framework categorizes interaction holistically, not at the turn by turn level. 
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highly responsive move. Moreover, probing questions are not a revoicing move (a 
completely different linguistic category), yet have high responsiveness.  
Herbel-Eisenman et al. (2008) have identified a range of ways teachers use 
revoicing in their classrooms that vary in their attention to student thinking. These uses 
include emphasizing, extending, repeating, summarizing, offering mathematical 
language, positioning students, gaining control, getting students to pay attention, 
establishing the teacher as the authority, and allowing time for the teacher to collect her 
thoughts. As these forms show, revoicing is a linguistic action that, when enacted in 
classrooms, may or may not be responsive to student ideas. What is one of many possible 
functions of revoicing is at the core of responsiveness – an emphasis on student thinking. 
Responsiveness is a measure of a specific characteristic of classroom discourse, the 
prevalence of student ideas. Certain discursive moves like revoicing, probing questions, 
and evaluations tend to have higher (or lower) levels of responsiveness but these 
linguistic categorizations do not determine responsiveness.  
As an analogy for the relationship between responsiveness and revoicing, 
consider the motion of a trail runner competing in a race. There are many ways to 
measure or quantify the race – the speed of the runner, the distance of the race, energy 
expended, average heart rate, or the runner’s ranking at different points on the course. 
Each measure serves a different purpose and highlights a different component of the 
runner’s experience. Separate from these measures are characteristics of the course itself. 
Is it uphill, downhill, straight, curvy, muddy, containing multiple water jumps, etc.? At 
any point of the race one could categorize the course with respect to these characteristics. 
When describing the runner’s experience, whether using speed or another measure, the 
characteristics of the course would surely influence the measurement but not determine it. 
Running up a hill or on a curve is not equivalent to a decrease in speed, though it is more 
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likely. Responsiveness, like speed, is a measure of classroom discourse intended to 
highlight a particular feature of classroom discourse, while revoicing is a discursive move 
analogous to the trail characteristics. Revoicing takes specific, identifiable forms whereas 
responsiveness considers the underlying intent and function of the speech act. 
Some of these studies characterize responsiveness as a broader classroom feature 
holistically coding entire lessons or activities based on how students’ ideas are valued 
and responded to in the classroom environment (note that these studies do not use the 
term responsiveness). On the other hand, some studies investigate single teacher 
utterances to describe their function (more from a linguistic standpoint) and the resulting 
effect on student talk. The former captures, in a general way, sensitivity to student 
thinking as a characteristic of the classroom without attending to the specifics of 
moment-to-moment interaction. The latter are highly descriptive and interpretive but do 
not lend themselves easily to detecting patterns or regularities. Responsiveness, as 
envisioned in this study, measures the cumulative impact of individual discourse moves 
as they accrue over time and throughout a lesson. I attend to the effect of single 
utterances in a way that lends itself to pattern identification, quantifying, and 
measurement. 
Theoretical Framework 
In choosing responsiveness as a characteristic of classroom discourse, I was 
influenced by Piaget’s notion of constructivism along with situated theories of learning 
that emphasize the mediating role social experiences play in cognitive development. 
Constructivist theories of learning posit that understanding is not directly imposed or 
transmitted by those outside of us (although those “outsiders” play large supporting 
roles), but that we actively construct and organize meaning through the twin processes of 
assimilation and accommodation. If Piaget’s theories are taken seriously, the child in 
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conjunction with the teacher, curriculum and lesson plan mediates the success of 
schooling. From this perspective, instruction should be sensitive to the child’s thinking, 
and activities should be designed with an eye toward the learner’s needs. If the child has 
not yet grasped that 10 ones are the same as 1 ten, pressing forward with instruction on 
standard algorithms for addition and subtraction will result in memorization at best.  
The method of clinical interviewing pioneered by Piaget positioned the “child as 
an instrument of science” in order to understand the development (or construction) of 
knowledge (Bringuier, 1980 p.xi). Piaget himself describes his method,  
I became interested immediately in the way the child reasoned and the difficulties 
he encountered, the mistakes he made, his reasons for making them, and the 
methods he came up with in order to get to the right answers. (Piaget quoted by 
Bringuier, p.9).  
Piaget’s theories of constructivism oblige researchers to use methods that focus 
on children’s thinking (including, but not limited to, the clinical interview). Research, 
however, is different from teaching. How does this epistemological view apply to 
classroom situations where the goal is to motivate new understandings as determined by 
the subject matter? The tension between the child and the curriculum (to borrow from 
Dewey) is apparent when contrasting the reality of classrooms with Piaget’s statement, 
“If you follow the child wherever his answers lead spontaneously, instead of guiding him 
with preplanned questions, you can find out something new” (Bringuier, 1980 p.24). The 
teacher cannot follow the child forever; the constraints of the classroom (e.g., the other 
children, standardized testing, curriculum, management issues, etc.) dictate this. And, as 
the more knowledgeable other, the teacher’s role is not always to follow. Perhaps we can 
apply Ginsburg’s reflections on interviewing to teaching: “The interviewer partly controls 
what the child does and partly is controlled by the child … control passes back and forth 
between interviewer and child” (1997, p.39). As teachers, we must live between the 
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tensions of the child’s understanding today and the driving force of the curriculum which 
points toward the child’s understanding tomorrow.  
Vygotsky echoes this tension (albeit it implicitly) in his description of the zone of 
proximal development (ZPD). He defines the zone of proximal development as  
The distance between the actual developmental level as determined by 
independent problem solving and the level of potential development as 
determined through problem solving under adult guidance or in collaboration with 
more capable peers. ... The zone of proximal development defines those functions 
that have not yet matured but are in the process of maturation, functions that will 
mature tomorrow but are currently in an embryonic state” (1978, p.86).  
Underlying Vygotsky’s zone of proximal development is the emphasis on 
prospective (forward-looking) characterizations of student thinking – assessing in terms 
of what is possible. Engaging students within their ZPDs depends on a learner’s current 
understandings (a retrospective assessment) and setting appropriate goals and tasks 
(specific to content) that will stimulate and mature understanding in the future (a 
prospective focus). Successful work within one’s ZPD requires a more capable other 
continually responding and reacting to the learner as they move toward new possibilities 
and deeper understanding. The teacher must be willing to adjust and change planned 
activities based on current student needs; this type of interaction exemplifies 
responsiveness at its best.  
Responsiveness also has roots in Bahktin’s notion of dialogicality which posits 
that all literature (and language and thinking) reflects, draws upon, and responds to that 
which came before (1981). The dialogic nature of interaction is present whether engaging 
in simple conversation with a friend, facilitating a whole-class discussion of invented 
strategies for multi-digit subtraction, or reading a textbook proof of the Fundamental 
Theorem of Calculus. Wertsch, quoting Voloshinov, describes it in this way,  
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For each word of the utterance that we are in the process of understanding, we, as 
it were, lay down a set of our own answering words. The greater their number and 
weight, the deeper and more substantial our understanding will be . . . 
Understanding strives to match the speaker’s word with a counter word (1991b, 
p.52).  
Whether this occurs internally in dialogue with self or with others, these “counter 
words” help us reflect and test our understanding through discourse. My understanding is 
deepened when I engage with, respond to and take up another’s perspective, turning it 
over in my mind; to understand is necessarily responsive. “As iron sharpens iron, so one 
man sharpens another” (Proverbs 27:17, New International Version). 
Mechanisms For Learning 
The last two sections provided reasons (both theoretical and empirical) why 
teachers might strive to be more responsive in their interactions with students, but they do 
not suggest how responsiveness improves students’ math learning. What is it about this 
construct that leads to improved learning?  
First, discussions high in responsiveness can act as formative assessments which 
research indicates is positively related to student learning (Black & Wiliam, 1998; 
Carpenter et al., 1989; Fennema et al., 1996; National Mathematics Advisory Panel, 
2008; Wiliam et al., 2004). Highly responsive follow-up moves afford teachers 
opportunities to gather evidence of student understanding in order to adjust instruction. In 
other words, responsiveness enables teachers to work within students’ ZPDs by assessing 
for learning as opposed to the assessment of learning (Wiliam, 2007).  
Wiliam et al.’s 2004 study of twenty-four math and science teachers in England 
who focused on developing specific action plans to increase their use of formative 
assessment showed a mean standardized effect size of .34. Students whose teachers made 
use of formative assessment to shift classroom practices and instructional routines 
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outperformed parallel control classes on an externally mandated, standardized test, 
scoring one-third of a standard deviation higher. Similarly, in a longitudinal study of CGI 
teachers, researchers found that “Gains in students’ concepts and problem-solving 
performance appeared to be directly related to changes in teachers’ instruction” – changes 
aligned with principles of formative assessment (Fennema et al., p.430).  Movement 
toward instructional practices that allowed students to solve a wide range of problems, 
elicited their thinking, and adapted instruction based on students’ thinking was related to 
increases in student learning in that year or the following year (up to half a standard 
deviation increase in class’s mean achievement scores).  
What CGI teachers learned by listening to their students helped them to more 
accurately predict individual student problem solving strategies (Carpenter et al., 1989) 
and may have led them to adapt classroom instruction to better match students with 
suitable mathematics activities. It is no wonder that students in CGI classrooms had 
significantly larger learning gains on problem solving measures than their counterparts in 
control classrooms. Common to both of these research programs is the regular use of 
formative assessment to shape instructional decisions and the resulting positive impact on 
student learning.  
Second, increased levels of responsiveness in classroom discourse are beneficial 
because they create classroom cultures with the potential to empower students as doers of 
mathematics who are agentic, persistent learners with positive mathematics identities. 
Classroom cultures, as well as repeated discursive practices, have a strong impact on the 
formation of students’ dispositions toward math, their sense of agency, and their 
mathematics identities (Boaler, 2002; Boaler & Greeno, 2000; Empson, 2003; Goos, 
2004; Gresalfi et al., in press; Pierson, 2008a).  
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Boaler’s studies of high school mathematics classes found that differences in 
expectations, activities, mathematical behaviors, and students’ positioning as learners 
(passive consumers of information or active participants in the negotiation of meaning) 
impacted their conceptions of their mathematics identities (Boaler, 2002; see also Boaler 
& Greeno, 2000 for a related study). She went on to say, “Different pedagogies are not 
just vehicles for more or less knowledge, they shape the nature of the knowledge 
produced and define the identities students develop as mathematics learners through the 
practices in which they engage” (Boaler, 2002, p.132). Repeated patterns of 
responsiveness (and intellectual work) in classroom discourse socialize students into 
specific ways of being. These normative discourse patterns communicate expectations for 
how to engage with one another (listening to, learning from, and critiquing others’ ideas); 
expectations about learning (mistakes are a natural process in learning; and learning is 
about thinking, not remembering); and beliefs about one’s own abilities. When a teacher 
or classmate values what you have to say and thinks your ideas are valuable 
(communicated via high levels of responsiveness) you learn to respect your own thinking 
and believe you have “wonderful ideas” (Duckworth, 1996). 
Finally, responsiveness, by definition, elicits student ideas and thinking. This is 
good both for the speaker whose ideas are drawn out and for the larger math community 
who is exposed to these ideas. By encouraging students to verbalize their thinking and 
provide explanations of their ideas, discursive moves with high levels of responsiveness 
(and intellectual work as well) can support coherence and clarity in thinking, help the 
speaker plan and regulate a course of action, encourage the organization and integration 
of new ideas into prior experience, and expose errors in reasoning (Chi, Lewis, Reimann, 
& Glaser, 1989; Piaget, 1952 & 1962; vanZee & Minstrell, 1997; Vygotsky, 1978, 1986; 
Webb, 1991). Eliciting and reflecting back the speaker’s thoughts externalizes them, 
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providing an opportunity for reflection and increased metacognitive awareness. “This 
cognitive restructuring may help the explainer to understand the material better, as well 
as help him or her recognize gaps in understanding” (Webb, 1991, p.368).  
In addition, eliciting student ideas causes thinking to become public. Thought 
becomes an object of reflection open to the larger community for discussion, refinement, 
and critique. The presentation of alternative views, multiple perspectives, and different 
strategies within a math community can lead students to notice new features and 
challenge (or even change) students’ thinking (Bransford, Franks, Vye & Sherwood, 
1989; Gibson & Gibson, 1955; Mercer, 1995). Often when we compare objects (or 
strategies or viewpoints) we notice relevant and distinguishing features, nuances and 
variations we may not have previously noticed. Through the comparison of alternatives 
we are able to identify differences, similarities, and affordances of objects, strategies, 
representations and exemplars. This allows the entire community to deepen their 
understanding by making connections.  
In the next section I will discuss intellectual work defining it, reviewing the 
relevant theory and research, and proposing mechanisms for how it might influence 
learning. 
Intellectual Work 
Motivation for and Definition of Intellectual Work 
If discursive routines are a means to build capacity for students to think 
mathematically, then what kinds of thinking are supported through classroom discourse? 
For example, is the classroom a place where students are asked to think and reason for 
oneself or to remember someone else’s thinking? Does the teacher use discourse to 
 36 
support and extend students’ thinking about mathematics or to demonstrate his near-
perfect reasoning? What kinds of intellectual work are students expected to engage in?  
Classroom discourse is both structuring and structured; meaning, it plays the dual 
roles of creating and reflecting the familiar “ways of being” in math communities. 
Discourse is reflective in that it communicates (often tacit) beliefs about what math is, 
what activities are done, and how mathematical knowledge is created. However, 
discourse is also agentic in that it determines acceptable ways of engaging in 
mathematics (expanding or constraining these possibilities with respect to an individual’s 
past experiences and beliefs). The question, then, is what kinds of discourse are desired? 
What kinds of mathematics communities do we want our students and teachers to build? 
Central to the historical development of mathematics and the actions of 
mathematicians are the activities of argumentation, making claims and counterclaims, 
collaboration, problem posing, and looking across seemingly unlike mathematical 
objects, strategies, representations, and exemplars to find points of commonality (and 
difference) in order to generalize and categorize (two of mathematicians favorite 
activities). All of these activities occur interactively in community. Consistent with this 
view of doing mathematics, my definition of mathematical thinking is the ability to 
participate in these activities within local math communities and to critically engage with 
the underlying definitions, theorems, structure and logic of the discipline.  
Classroom discourse is a powerful tool educators can use to provide students 
opportunities to engage in mathematical thinking. Correspondingly, intellectual work is 
meant to capture teacher’s success in doing this. Intellectual work is a measure of the 
cognitive demands of the teacher’s follow-up move and reflects the mental processes set 
in motion with that utterance. The underlying assumption is that language has the 
potential to transform mental functions enabling more complex and qualitatively different 
 37 
kinds of cognition (Kaput, 2001; Vygotsky, 1978; Vygotsky, 1986; Wertsch 1991b). 
Discursive moves high in intellectual work enable transformative, complex reasoning 
while also supporting the view of mathematical thinking defined above. These moves 
include justifying, explaining, making connections, interpreting, conjecturing, providing 
examples, problem posing, presenting counterexamples or alternative explanations, 
analyzing others’ ideas, and embedding problems into real-life scenarios.  
Findings From Research 
Cognitive complexity is not an idea new to math education. Its roots can be traced 
back at least as early to the educational psychologist Benjamin Bloom. Bloom’s 1956 
Taxonomy of Educational Objectives (here I am focused on his objectives for cognitive 
development, not affective or psychomotor development) set forth a model of 
instructional objectives and assessment based on the cognitive action of the learner. He 
argued that more sophisticated levels of thinking occur at the upper levels of the 
taxonomy, in activities requiring evaluation, synthesis, analysis, and (perhaps) 
application. Since then, the construct of cognitive complexity has been used in math 
education to differentiate tasks, curriculum, and questions (Hiebert & Wearne, 1993; 
Kawanaka & Stigler, 1999; Stein, Grover & Henningsen, 1996; Stein, Remillard & 
Smith, 2007) based on the underlying assumption that higher levels of cognitive work 
lead to deeper, more connected learning.4 
Consider the use of teacher questions in mathematics classrooms. In general, the 
most frequently asked questions can be described as short-answer, recall questions 
similar to what is seen in Kennedy’s Guessing Game scripts described earlier (Graesser 
& Person, 1994; Hiebert & Wearne, 1993; Inagaki, Morita, & Hatano, 1999; Kawanaka 
                                                
4 The results of deeper, more connected learning include learners better equipped to be innovators and 
leaders in their respective fields, learners better prepared and motivated to continue their learning, and 
informed, critical, mathematically literate citizens. 
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& Stigler, 1999). Although each of the aforementioned studies has slightly different 
categorization schemes, they are consistent in their findings that the majority of teacher-
posed questions are low-level questions requiring recitation of basic facts, simple 
computations, or yes/no verification (percentages range from 65% to 90% depending on 
the study). Kawanaka & Stigler’s (1999) analysis of TIMSS data showed that 81% of 
teacher questions in American classrooms were what they termed name/state questions 
(short responses related to vocabulary or formulas, or choose among alternatives), 18% 
were yes/no questions, and only 1% were questions requiring descriptions of 
mathematical objects or explanations/reasons. On average, fewer than three high-level 
questions were asked per lesson in U.S. classrooms. Mehan (1979b) pinpoints the 
difficulty of relying on low-level, known-answer questions: “It is difficult to determine 
whether a child’s answer stem[s] from a mastery of the conceptual demands of the 
cognitive task, or stem[s] from a mastery of the conversation demands of the questioning 
style” (p.293). An emphasis on correct answers and reliance on known-answer questions 
where students attempt to read teachers’ minds is a barrier to deep, quality thinking. 
Recently Webb and colleagues (2006) developed a coding scheme to describe the 
cognitive demand present in teacher-student (and small group) interactions. In their 
study, approximately 80% of teachers’ responses and questions required low or medium-
level cognitive processes (which they define as looking up or recalling information, 
performing calculations or problem steps, and confirmation of student responses without 
elaboration). A related analysis by Stein et al. (1996) of mathematical tasks in middle 
school classrooms found a similarly discouraging picture of the levels of intellectual 
work present in math classes. They defined a high-level task as either 1.) requiring use of 
procedures with explicit connections to underlying concepts, or 2.) “doing math” (this 
includes framing problems, identifying patterns and making/testing conjectures). Because 
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their sample used primarily reform curricula, 74% of the tasks were initially set-up to 
require high levels of cognitive work; however, less than one-third of the 144 tasks as 
enacted were high-level (24 of the tasks, as carried out, required procedures with 
connections and 23 were classified as “doing mathematics”). 
Across these studies we find strikingly similar classifications of intellectual work 
as reflected in tasks, questions, and teacher responses to students. A synthesis of these 
findings point toward aspects of cognition that matter for developing mathematical 
understanding and thinking. Key, underlying features of high levels of intellectual work 
include the importance of making connections and generalizing (Saxe et al., 1999; Stein 
et al., 1996; Wood et al., 2006); providing explanations and justifications (Graesser & 
Person, 1994; Hiebert & Wearne, 1993; Kawanaka & Stigler, 1999; Wood et al., 2006); 
problem posing and generating stories or conjectures (Hiebert & Wearne, 1993; Stein et 
al., 1996); and considering multiple views by generating/comparing/contrasting a variety 
of strategies and claims (Hiebert & Wearne, 1993; Stein et al., 1996; van Zee & 
Minstrell, 1997; Wood et al., 2006). These characteristics form the basis for my 
definition of intellectual work. 
Intellectual Work Revisited 
Intellectual work can be thought of in terms of what intellectual activities students 
are asked to engage in during real-time, classroom conversations. Over time, if students 
routinely make sense of mathematics, struggle with complex problems, reason for 
themselves, generate multiple solution paths, and communicate their understandings, the 
potential for deeper mathematical understanding increases. High levels of intellectual 
work are invitations to do exactly this, to engage deeply with the processes and content of 
mathematics.  
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However, operationalizing the intellectual work present in moment-to-moment 
follow-up moves is not straightforward. In a broad sense, students can be given 
information to make sense of (give moves) or teachers might request information from 
students (demand moves). The difference lies in what Wells (1999) refers to as 
prospectiveness – the degree to which a further response is expected. For example, a 
question (demand move) is more prospective than a statement (give move) because a 
response to a question is more likely than a response to a statement of fact or information. 
In give moves, the teacher’s role is to do the work of making connections, supplying 
information, selecting relevant responses, and evaluating the correctness of ideas. 
Follow-up moves in the demand category offer this role to the student as the teacher 
shifts roles from knowledge source to facilitator. The final outcome of sequences relying 
on give versus demand moves is largely the same, an increase of the group’s common 
knowledge, but the responsibility and division of labor in achieving it is different. When 
prospectiveness is stepped up, “it is the student, rather than the teacher, who does most of 
the work involved in producing the acceptable formulation” (Wells, 1999, p.249). In 
general, demand moves require more intellectual work than give moves; however, this is 
not always the case. Consider the two interactions below.  
 
 
 
Transcript Excerpt 1 
 
1 Teacher: What happened on the nnn- for an hour and a half, excuse me,  
2   what happened for the next hour and a half? 
3 Student 1:  He [the van] slowed down. 
4 Student 2:  He [the van] drove back. 
5 Teacher:  How do you know he drove back?  
6 Student 2:  Because it went back down to zero.  
7 Teacher:  Because he went back to zero on the distance. Very good. He  
8    traveled a whole 100 miles and then he came back. And then  
9    from the 3 hours. Did you see that CJ? Ok he came back. Then  
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10    from that point, again, he's at zero miles and then he traveled  
11    the 180 and he got to his destination. 
 
In lines 7-11, the teacher follows-up a student response with a give move that 
explains why the negative slope on a position-time graph indicates that the motion is 
backwards, or the object is returning to the starting point. Although the teacher is giving 
information, this move is an extension move providing clarification of and emphasizing 
Student 2’s initial justification for the interpretation of this graph of motion. Now 
consider the following interaction. 
 
Transcript Excerpt 2 
 
1 Teacher:  Look at their question, where was the van when the bus broke  
2    down? Was the van ahead of him or behind him? 
3 Students:  Behind him. 
4 Teacher:  Behind him. How many miles behind him? (Pause. Silence) 
5 Student:  90. 
6 John:  10, 20. 
7 Ray:  80. 
8 Teacher:  From here to here (points to appropriate ordered pairs). How  
9    many miles behind him was it? 
10 Students: 80. 
11 Student: 40. 
12 Teacher:  What's the difference from 40 to 120? 
13 Students: 80. 
14 Teacher: 80. 80 miles behind him. 80 miles behind him.  
 
In the second excerpt, the teacher’s follows-up moves are series of demand moves 
(see lines 1-2, 4, 8-9, and 12) that progressively decrease the cognitive complexity of the 
original question. (“Where was the van when the bus broke down?”) Students answer a 
sequence of simple, logical, carefully-sequenced questions that require basic graph 
reading skills. The task is eventually reduced to a subtraction problem.  
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Making sense of the teacher’s explanation of the position-time graph in the first 
excerpt requires more intellectual work than answering the questions in excerpt two. 
Simply coding teacher follow-up moves with respect to giving or requesting information 
is insufficient. Each move, regardless if it is a give or demand, can be further classified 
by the type of information that is requested or provided. Based on a synthesis of the 
studies described earlier, a low-level give (or demand) move is defined as providing (or 
requesting) basic information that is recalled, read off a graph or chart, or is the result of 
a calculation, algorithm or other “automatic” process. A high-level give or demand move 
is an extension move which includes the following: providing or requesting justifications, 
explanations, examples, descriptions, counterexamples; analyzing others’ ideas; making 
comparisons or generalizing; determining an appropriate strategy to solve a problem; and 
generating a real-life scenario for a given position-time graph (see coding flow chart in 
Chapter 3 for a detailed explanation). 
Theoretical Framework 
Theoretical reasons to link intellectual work and student learning come primarily 
from Piaget and his notions of accommodation, assimilation and equilibration. Broadly 
stated, high levels of intellectual work provide opportunities for learners to identify 
discrepancies, errors, similarities, differences, and connections. New information is 
interpreted in light of previous knowledge and experiences as the learner attempts to 
organize, modify, and place this information into already existing or newly modified 
schemas (Bringuier, 1980; diSessa, 1993; Gardner, Kornhaber & Wake, 1996; National 
Research Council, 2000; Piaget, 1962). Intellectual work prepares learners to assimilate 
and accommodate because it predisposes them to explain, connect, reflect and compare.  
Assimilation, in Piaget’s words, is “the fact that a stimulus from the external 
world … can act on or modify behavior only to the degree that it is integrated with prior 
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structures” (Bringuier, 1980, p.42). In other words, new information or a new experience 
is assimilated (generalized, in some sense) into existing structures. But, because each 
experience is unique with distinct contexts and circumstances, these structures must also 
be “modified [accommodated] according to the particular circumstances of the situation 
… There is no assimilation without accommodation (Bringuier, 1980, p.43).” 
Researchers theorize one way this process occurs is through discourse. Some claim 
generating verbal explanations encourages cognitive restructuring where one assimilates 
new information, connects it to relevant prior knowledge, and reorganizes existing 
schemas (Piaget, 1952, 1962; Webb, 1991). Chi refers to this as self-explanation (Chi et 
al., 1989; Chi et al., 1994; Hammer, 1995). Her studies looked at the effects of student-
generated explanations when trying to learn new information and found students who 
spontaneously produced explanations when working through examples of physics 
problems had higher gains on comprehension and procedural skills than students who did 
not.  
The continual organization and reorganization of experience and ideas (learning) 
around fundamental, core ideas is consistent with a structuralist view of education 
(Bruner, 1961; Piaget, 1968). The claim is that understanding the deep structure and 
organizing principles of a discipline provides a way to make sense of, compare, and relate 
new discoveries and knowledge to fundamental principles. This is how we understand the 
world around us and organize our knowledge. One of the key ideas in structuralism is 
transformation – a process through which one finds unifying commonalities and 
connections between seemingly disparate concepts, a process involving assimilation and 
accommodation working in tandem, and a process encouraged by high levels of 
intellectual work. Transformation, organizing, re-organizing, and coming to understand 
can be, at times, quite frustrating for the learner. Piaget’s descriptions of disequilibration 
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and equilibration allude to this fact (others have referred to this as cognitive dissonance). 
Disequilibration is the sense that new information does not quite fit with prior 
understandings; it is an awareness, perhaps dim, that something needs to be rethought; it 
involves recognizing cognitive imbalance and acting to resolve it. Without 
disequilibration there is no assimilation or accommodation.  
Although they might appear to be acting in opposition, assimilation and 
accommodation co-exist and mutually support each other as they move toward 
equilibration. The essence of their symbiotic relationship lies in a dynamic conception of 
learning. Piaget uses the field of physics to illustrate this point, contrasting static 
equilibrium (as if one has arrived) with a dynamic system that continually regulates 
behavior and responds to new stimuli. He says, “it isn’t ever perfect, and new external 
factors are always entering the picture and disturbing it” (Bringuier, 1980, p.44). The 
notion of disequilibration highlights the need for struggle, uncertainty, and extended 
timeframes in our theories of learning. What Piaget describes in terms of disequilibration, 
Hiebert and colleagues (1996) describe as “problematizing” content or struggling with 
complex mathematics (see also Hiebert & Grouws, 2007). Much like long hours of 
struggle on the track lay the foundation for a successful athlete, intellectual struggle 
results in deeper understanding for the student. Without pushing the outer limits of 
physical strength and speed, an athlete will not get stronger or faster. Without pushing the 
outer limits of understanding, a student will not learn. “No pain, no gain” applies as well 
in academia as in the world of sports.  
Hiebert & Grouws define struggle as “grappling with key mathematical ideas that 
are comprehendible but not yet well formed” (2007, p.387). In some sense learning 
cannot occur without the struggle toward a state of equilibration. If confusion and 
uncertainty are necessary precursors to disequilibration (which is needed to learn), and no 
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uncertainty is present, can true learning occur? Dewey answers “no” by asserting that the 
“origin of thinking is some perplexity, confusion, or doubt” (as quoted in Hiebert et al., 
1996, p.15). Thus an important part of learning is enduring periods of confusion, 
realizing when one does not understand, and struggling to resolve uncertainty. Skillful 
teachers can use varying levels of intellectual work in follow-up moves to introduce 
doubt, challenge thinking, encourage struggle, and provide alternative interpretations of 
complicated math ideas while not overwhelming students. High levels of intellectual 
work in classrooms are more likely to problematize content for students and encourage 
them to examine, re-examine and struggle with their emergent thinking.  
Mechanisms for Learning 
There are many possible explanations for how intellectual work influences the 
learning of individual speakers and the community as a whole. Because alternative 
interpretations and challenges to one’s thinking require the larger math community, high 
levels of intellectual work publicly reflected in group discourse facilitate disequilibration 
(and therefore assimilation and accommodation) by exposing students to multiple 
explanations and prompting them to make connections across representations. 
“Appropriately arranged contrasts can help people notice new features that previously 
escaped their attention and learn which features are relevant or irrelevant to a particular 
concept” (NRC, 2000).  
Research from the field of perception shows that we learn to perceive by 
progressively elaborating qualities, dimensions and features: “The observer sees and 
hears more, but this may not be because he imagines more, or infers more, or assumes 
more, but because he discriminates more” (Gibson & Gibson, 1955, p.40). In their studies 
of perceptual learning and visual cues, Gibson and Gibson found that the more subjects 
qualified their responses (verbally described them with adjectives), the better their 
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"learning" (i.e., identifying similar shapes and doodles). What they call “qualifying 
responses” were not descriptors of the item itself but the relationship between the item 
and one of its critical dimensions, which were then subsequently used to compare 
multiple items (e.g., too thin, rounder, reversed). Although our goal is to understand 
concepts instead of identifying objects, the importance of finding similarities and 
differences and recognizing key features of a strategy, process or concept is the same. 
The implication, then, is that in classroom communities the teacher and class can use 
discourse to introduce multiple viewpoints, help students compare their thinking with 
others’, and prompt them to discover the defining, fundamental characteristics of the 
given mathematical concepts.  
Additionally, some propose that the cognitive actions of argumentation and 
justification occur externally first (and often as a communicative function) in community 
before becoming internalized (Vygotsky, 1986, p.89-90). Although Vygotsky’s claim that 
all higher mental functions have origins in social settings is a bit strong, opportunities to 
rehearse and practice mathematical discourse in familiar, social settings are critical for 
students to develop mathematical habits of mind (which they may or may not have 
inclinations toward). Consistently high levels of intellectual work in classroom discourse 
provide a model for analyzing one’s own and others’ thinking. By arguing with each 
other, learners will eventually internalize this type of critical thinking so they can engage 
in mathematical reasoning without the physical presence of their classmates. 
Another possible mechanism by which intellectual work might function is 
leveraging the various strengths, resources and information of students – the whole is 
greater than the sum of its parts. Collaboration within a group allows the members to 
combine distributed knowledge, perspectives and expertise (see Hutchins, 1995). As a 
result, the collective work of the group is often more complex, coherent, connected, and 
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sophisticated than individual solutions (Barron, 2000 & 2003; Cohen, 1994; Webb, 
1991). Barron’s (2000 and 2003) study of student problem solving and planning in sixth 
grade math classes showed benefits from working in a group. Those students who worked 
in groups prior to assessment outperformed their counterparts (who did not work in 
groups) on complex problem solving (p<.05). Classrooms with increased intellectual 
work provide regular opportunities for classes to work together, share, and leverage their 
combined knowledge.  
Even mathematics, seemingly individualistic and isolated, is a collaborative 
endeavor where ideas travel. Consider the classification of all finite simple groups (also 
called the enormous theorem). The Classification Theorem states that any finite simple 
group is isomorphic to one of the following: a.) a group of prime order, b.) an alternating 
group, c.) a group of Lie type, or d.) one of 26 sporadic groups. Deceptively 
straightforward and concise in its problem statement, the proof is spread over 500 journal 
articles, has approximately 100 different authors, and, over 20 years after its introduction, 
debates about its completeness live on (Aschbacher, 2004; Gorenstein, Lyons & 
Solomon, 1994). The success of this endeavor depended on mathematicians’ ability and 
willingness to pool and integrate resources, share ideas, combine strengths, build on 
others’ contributions, monitor and evaluate one another, and clearly communicate their 
reasoning – all features of productive collaboration that allow the product of group 
cognition to be better than what is accomplished individually (Bianchini, 1997; Barron, 
2000; Cohen, 1994; Johnson, Johnson & Holubec, 1994; Vye et al., 1997; Webb, 1991). 
High levels of intellectual work ask students to do exactly these things using the medium 
of discourse. 
Finally, the creation of classroom environments that communicate expectations 
for how students should engage intellectually with the content is another possible 
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mechanism for learning (this was also mentioned as a mechanism for responsiveness). 
High levels of intellectual work in classrooms demand that students routinely work on 
cognitively demanding tasks that require argumentation, justification and cognitive 
struggle. And, although only one student might be interacting with the teacher at a given 
moment in time, all students are engaged in evaluating the speaker’s claims and 
answering the teacher’s question. The teacher’s role here is critical: she must uphold the 
expectation that all students will generate their own solutions and explain them, position 
them as capable problem solvers, and carefully orchestrate their involvement in 
classroom discussions (see Empson, 2003).  
Responsiveness and Intellectual Work Summarized – Motivations and Mechanisms 
In the previous sections I provided rationales for increasing the levels of 
responsiveness and intellectual work in classroom discourse based on anticipated positive 
relationships to student learning. In summary, responsive classrooms that demand more, 
intellectually, from our students could benefit students and teachers in the following 
ways:  
1. They provide more opportunities for students to engage deeply with fundamental 
mathematical concepts and processes based on their own current thinking and, in 
some cases, are linked to larger achievement gains in problem solving and 
conceptual understanding (Carpenter et al., 1989; Jacobs & Ambrose, 2008; Stein 
et al, 1996; Stein & Lane, 1996; Wood, 1999; Wood et al., 2006; Vygotsky, 
1978), 
2. They are aligned with practices of mathematicians and scientists, namely the 
practices of argumentation and the zigzag process of proof and refutation (Ernest, 
1991; Goos, 2004; Kline, 1980; Lakatos, 1976; Lampert, 1990; Yackel, 2002), 
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3. They can lead to increased teacher knowledge both of student thinking and the 
mathematical content itself so she (or he) can better plan and target instruction to 
student needs (Fennema et al., 1996; Franke et al., 2001; Wiliam, 2007; Wiliam et 
al., 2004), 
4. They enable the creation of classroom environments in which students are 
empowered as doers of mathematics with increased confidence, motivation, 
agency, persistence and positive math identities (Boaler, 2002; Boaler & Greeno, 
2000; Empson, 2003; Gresalfi et al., in press; Hiebert et al., 1997; Pierson, 2008a; 
Stipek et al., 1998). 
Though there is good evidence that responsiveness and intellectual work 
positively influence learning, we should also consider how these discursive constructs 
might improve learning. Much of the research that attempts to answer this question is 
covered in the previous sections, but I provide a summary (in table form) that combines 
mechanisms for both responsiveness and intellectual work. Broadly grouped, possible 
mechanisms that explain how these characteristics of classroom talk could influence 
mathematics learning can be categorized in terms of the individual speaker’s learning and 
learning for the larger classroom community. Table 2.1 displays these mechanisms and 
the supporting research. 
To summarize, the possible mechanisms through which intellectual work and 
responsiveness work to influence individual learning are supporting and extending 
thinking in the moment, providing teachers better information to appropriately assist 
students, giving students opportunities to rehearse and test thinking in community, and 
improving confidence, identities, and motivation. Additionally, potential mechanisms for 
how intellectual work and responsiveness influence the learning of the group include the  
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Table 2.1  
Mechanisms by Which Responsiveness and Intellectual Work Affect Learning 
Learning for the speaker 
 
Learning for the community 
Mechanism References Mechanism References 
Importance of talk itself in 
thinking – certain kinds of 
talk support, elicit, and 
extend student thinking 
“in-the-moment”, helping 
S’s organize, verbalize, 
and reflect on ideas 
Bringueur, 1980; 
Carpenter et al., 1989; 
Chi et al., 1989; Chi et 
al., 1994; Piaget, 1952 
& 1962; Stein & Lane, 
1996; Vygotsky, 1978 
& 1986; Webb, 1991; 
Wertsch, 1991b  
When confronted with 
other, plausible alternatives 
and explanations, student 
thinking is refined, 
challenged and sometimes 
changed through 
comparison  
Bakhtin, 1981; 
Bransford et al., 
1989; Gibson & 
Gibson, 1955; 
Lakatos, 1976; 
Mercer, 1995; vanZee 
& Minstrell, 1997 
Formative assessment – 
provides teacher timely 
information to better 
assist, respond to, and 
work within the student’s 
ZPD 
Bakhtin, 1981; Black 
& Wiliam, 1998; 
Fennema et al., 1996; 
Mercer, 1995; 
Vygotsky, 1978; 
Wiliam et al., 2004 
The whole can be greater 
than the sum of its parts –
collaboration and 
leveraging shared 
resources leads to deeper 
understanding 
Barron, 2003 & 2000; 
Cohen, 1994; 
Hutchins, 1995; 
Webb 1991 
Opportunities for 
individual students to 
rehearse, practice, and test 
thinking (including 
argumentation and critical 
analysis); social practice 
leads to individual 
internalization 
Cobb et al., 1997; 
Vygotsky, 1978; 
Wertsch, 1991b 
Socialization into a 
classroom culture where 
critical habits of mind are 
adopted via routines of 
interaction. All students are 
engaged in evaluating the 
speaker’s claims and 
answering the teacher’s 
question regardless if they 
are talking or not 
Cobb et al., 1997; 
Garfinkel, 1967; Gee, 
1990; Goos, 2004; 
Lave & Wenger, 
1991; Yackel & 
Cobb, 1996  
Increased student 
confidence, motivation, 
persistence, and positive 
identities which indirectly 
influence math learning 
Boaler, 2002; Boaler 
& Greeno, 2000; 
Gresalfi et al., (in 
press); Pierson, 2008a; 
Stipek et al., 1998  
  
 
presentation of multiple perspectives, the power of collaboration, and the socialization 
into a classroom culture where habits of mind are adopted via routines of interaction.  
Based on the literature reviewed in this chapter, my expectation was that 
classrooms with greater proportions of follow-up moves reflecting high levels of 
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responsiveness and intellectual work would have a positive relationship with student 
learning. The following chapter will discuss the methods by which I investigated my 
research questions. 
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Chapter Three: Methodology and Study Design 
My proposed research is an observational study using Hierarchical Linear 
Modeling (HLM) and discourse analysis to examine the relationship between the 
responsiveness and intellectual work of teacher follow-up moves and student learning. 
Specifically, the research questions I address in my study are:  
1. What are the general patterns of teacher follow-up moves? 
2. How can I quantify and measure patterns in responsiveness and intellectual work 
in a meaningful and reliable way? 
3. What is the relationship between the responsiveness of teacher follow-up moves 
in a curricular unit on rate and proportionality and 7th graders learning of 
mathematics as measured by a validated pre-and post-test? 
4. What is the relationship between the level of intellectual work in teacher follow-
up moves in a curricular unit on rate and proportionality and 7th graders learning 
of mathematics as measured by a validated pre-and post-test? 
My goal was to study classroom interaction in an authentic setting and document 
how teachers and students used discourse in real classrooms. This study did not attempt 
to manipulate the kinds of interaction between teachers and students but observed their 
natural occurrence to determine if variation in discourse patterns was associated with 
differential gains in students’ mathematics learning. Because there was no intervention or 
treatment for teachers, an experimental or controlled design was inappropriate.  
In order to control (as much as possible) for the effects of potential confounding 
variables, all teachers in the sample were implementing a new, reform-based curriculum. 
This technology-based curriculum and the corresponding professional development 
(SimCalc) is designed to introduce students to the big ideas of the mathematics of 
 53 
change and variation through student-controlled, dynamic simulations of motion (Kaput 
& Roschelle, 2000; Roschelle, Kaput & Stroup, 2000). Because instructional tasks can 
have a significant impact on the kinds of discourse and learning that occur in classrooms 
(Hiebert & Wearne, 1993 and Stein et al., 1996), I analyzed the same lesson from the 
SimCalc curriculum for all teachers in my sample to keep instructional tasks as similar as 
possible. 
The kinds of methodological approaches best suited to answer my research 
questions involve both qualitative and quantitative methods. A quantitative comparison 
alone would not provide sufficient detail of the types of discourse and interaction patterns 
in classrooms, whereas a qualitative study alone could not test the relationship between 
discursive patterns and student learning in a way suited for making broader claims and 
inferences. I used techniques of discourse analysis to identify, describe and quantify 
patterns in follow-up by looking closely at turn-by-turn moves in whole-class discussion, 
the relationship of these moves to each other, and their function in context. After 
operationalizing responsiveness and intellectual work, I used the statistical method of 
Hierarchical Linear Modeling (HLM) to determine if classroom variation in these 
discursive measures was related to student learning. In the following sections, I explain 
the theoretical background and methods of HLM and discourse analysis, justifying their 
use in my study. I then describe the study participants, materials, procedures, student 
assessment, and coding schemes for intellectual work and responsiveness.  
HIERARCHICAL LINEAR MODELING 
My primary research question attempts to relate properties of the classroom 
(routinized discourse patterns) to properties of individuals (mathematics learning) who 
function within and are influenced by the larger classroom structure. Because my data are 
naturally nested – students are nested into classrooms – a multilevel model is necessary to 
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account for the hierarchical structure of the data statistically. Besides the nested structure 
of data, Raudenbush & Bryk identify the following additional criteria for using a 
multilevel analysis (2002; see also Reise & Duan, 1999):  
1. the presence of more than one random variable (a variable that exists in some 
larger population and whose values change upon selection of a new sample), and  
2. cross-level interaction – variables at higher levels (the classroom level) account 
for some of the variation in variables at lower levels (student level).  
Traditional methods of analysis (ANOVA) allow for only one random variable 
whereas HLM allows for the possibility of multiple random factors – in particular, 
random factors existing in the second level of the model. In my study, student math 
scores are a random variable since a new sample of students would result in a new set of 
achievement scores. The level-two factor of classrooms is also a random variable since it 
is a sample from a larger population of all possible classrooms that could have been 
selected. Additionally, I am interested in investigating how variables at the classroom 
level (i.e., responsiveness and intellectual work) impact students’ mathematics 
achievement either directly or though some sort of interaction, so I expect cross-level 
interactions to occur in my study. Therefore, because my research design involves nested 
data, more than one random variable, and potential cross-level interactions, a multilevel 
model is an appropriate analytical approach. 
 In the past, researchers have typically dealt with nested data in two ways – 
disaggregation and aggregation. The method of disaggregation assigns level-two 
variables to each individual. In my study, for example, each student in a given classroom 
would be assigned values for the classroom-level variables of responsiveness and 
intellectual work, and individual outcome measures would be regressed on classroom 
factors. The problem with this method is that it violates the assumption of subject 
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independence. In general, one would expect that individuals in the same class are more 
similar than individuals in different classes. When disaggregating, individuals in the same 
class share values for multiple variables violating the independence criterion. The error 
terms absorb this lack of variation causing correlation of error terms and statistical 
dependencies. This results in underestimating variance and standard errors which leads to 
inaccurate estimates of regression coefficients. Multilevel models take the lack of 
independence inherent in nested structures into account by partitioning variance and 
adjusting standard error estimates (based on the class size and in-class variation of the 
outcome measure). This allows researchers to better determine where change is occurring 
and where differences might exist.  
 The second method for dealing with nested data is aggregation – averaging 
individual scores and variables and assigning them as values at the class level (often 
weighting by class size). Here the unit of analysis is classes and not individual students. 
The main problems with this approach are wasted information (within group variation is 
ignored) and aggregation bias (specifically, relationships between variables can be 
obscured and distorted since variables take on different meanings and effects at different 
levels of the model). A well-known example of aggregation bias is the effect of average 
SES at the school level versus the impact of an individual’s SES. In general, variables, 
when aggregated to a higher level, have stronger relationships and may measure different 
factors (Raudenbush & Bryk, 2002). Neither the method of aggregation or disaggregation 
is sufficient when working with nested data. Thus the importance of new statistical 
techniques that can properly partition variance (to address problems of intraclass 
correlation), improve estimates of variance and regression coefficients, and allow 
multiple random variables (i.e., allowing the relationships between level-one predictor 
and dependent variables to vary randomly across groups, commonly referred to as 
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randomly varying slopes) (Raudenbush & Bryk, 2002; Reise & Duan, 1999). In addition, 
HLM manages unbalanced and missing data which traditional methods cannot easily 
handle. 
 In my model, I am using a two level Hierarchical Linear Model with student math 
scores as the level one outcome variable (a within class model) and class variables, such 
as mean math score, as the level two outcome variables (a between class model). 
Specifically, each student, i, in classroom j, where 
! 
i, j " #
+, is represented by the 
following equation
! 
yij = "0 j + "1 j xij( ) + rij . This equation states that the post-test score of 
student i in class j can be decomposed into the average post-test score in class j 
! 
"
0 j( ) , an 
adjustment based on the product of the student’s pretest score 
! 
xij( )  and the class pre/post-
test performance slope 
! 
"
1 j( ) , and a normally-distributed, randomly varying error term 
! 
rij ~ N 0,"
2( ) .  
At the second level, each classroom has a mean post-test score 
! 
"
0 j( )  and a 
pre/post-test performance slope 
! 
"
1 j( )  as an outcome. After running the unconditional 
HLM model (i.e., no explanatory variables at level two) and determining there was 
sufficient variation in post-test scores and pre-post achievement slopes 
! 
"
0 j 's  and  "1 j 's( ) , I added intellectual work and responsiveness as classroom-level 
predictors to determine if they explained patterns in variation. The fully conditional HLM 
model for responsiveness is displayed in Figure 3.1.5 Because the relationships between 
variables measuring student learning are at least partially dependent on the larger context 
in which learning occurs, I anticipated that the responsiveness and intellectual work 
present in the classroom would have a positive relationship with student achievement 
scores. 
                                                
5 The fully conditional HLM model for intellectual work is the same except the predictor variable at level-
two is Ij instead of Rj. 
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Level one:   
! 
yij = "0 j + "1 j xij # x • j( ) + rij   where   rij ~ N 0,$ 2( )  
 
Level two: 
! 
"
0 j = # 00 + # 01 R j $ R ••( ) + u0 j  where  u0 j ~ N 0,% 00( )
"
1 j = #10 + #11 R j $ R ••( ) + u1 j  where  u1 j ~ N 0,%11( )
 
and, 
! 
xij  is  pre " test  score  for  student  i  in  class  j
x • j  is  pre " test  mean  for  class  j
R j  is  responsiveness  value  for  class  j
R ••  is  the  grand  mean  for  responsiveness
 
Figure 3.1. Fully conditional HLM model for responsiveness 
 
DISCOURSE ANALYSIS 
 In order to determine if discursive factors explained variance in achievement 
scores, I first had to identify routines of interaction in classrooms. Turning to discourse 
analysis, I combined aspects of speech act theory, conversation analysis and interactional 
sociolinguistics in my analysis (Austin, 1999; Goffman, 1981; Gumperz, 2001; Sacks, 
Schegloff & Jefferson, 1974). Particularly useful to me was the emphasis on the 
regularities in the structure of talk found in conversation analysis. Conversation analysis 
has its origins in sociology, drawing from ethnomethodology and reacting to frustration 
with traditional sociological research that focused primarily on abstract, global, and 
deterministic factors influencing social order. With respect to problems of social order, 
conversation analysts shifted their focus away from global factors to consider local 
factors, paying special attention to the dynamics and structural organization of interaction 
(Schiffrin, 1994).  
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 Conversation analysis is concerned with how participants locally manage and 
produce social order as it is reflected in conversation (Schiffrin, 1994; Sacks et al, 1974; 
Wetherell, 2001). It is an application of ethnomethodology (Garfinkel, 1967) to 
conversation in order to uncover the structural organization of interaction with the goal of 
understanding why certain patterns and outcomes occur. Ethnomethodology takes as an 
assumption that there are culturally specific ways of knowing and doing in everyday life 
(Garfinkel, 1967; Schiffrin, 1994). Its goal, then, is to uncover and understand members’ 
common sense knowledge of the seemingly “hidden” rules governing participation in 
social activities. For conversation analysts, the social activity under investigation is talk.  
Speech act theory and interactional sociolinguistics take as their focal point the 
function of utterances – how they are interpreted and taken-up, how they position 
interlocutors with respect to one another, the resultant responses, and community-specific 
ways of interacting. Drawing from a variety of approaches to discourse analysis allowed 
me to balance both the structure and the function of talk. I identified regularities in the 
turn-by-turn construction of dialogue with the goal of relating these regularities to student 
learning. I used discourse analysis in this study to identify the way teachers and students 
brought a sense of order to their interactions and the degree to which student thinking and 
cognitive complexity were reflected in classroom specific ways of ordering discourse.  
 Table 3.1 is an overview of the investigation, outlining my research questions, the 
relevant data sources and the type of analyses. 
STUDY BACKGROUND 
This study is part of a larger program of research, Scaling Up SimCalc (Tatar et 
al., 2008). SimCalc is a technology-based approach to the teaching and learning of 
variation and covariation and, in this study, the core concepts of rate and proportionality. 
Its design and implementation draw on research about how students learn the 
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Table 3.1 
Overview of Investigation 
Research Question Data Source Type of Analysis 
1. What are the general 
patterns of teacher 
follow-up moves? 
“On the Road” 
lesson transcripts 
and field notes 
Principles of grounded theory to identify emergent, 
distinguishing themes and features of classroom 
discourse; primarily descriptive and generative  
 
Microanalysis of transcripts drawing from already 
established coding schemes and discursive 
constructs (see Wells, Lemke, Nystrand et al., & 
O’Connor & Michaels) 
2. How can I quantify 
and measure patterns 
in responsiveness and 
intellectual work in a 
meaningful and 
reliable way? 
“On the Road” 
lesson transcripts 
and field notes 
Discourse analysis to consistently identify teacher-
specific patterns that varied across classrooms 
(drawing from conversation analysis, speech act 
theory and interactional sociolinguistics) 
 
After selecting the constructs of responsiveness and 
intellectual work (these emerged from data and were 
also grounded in theory), I used an iterative design 
and refinement process to create coding schemes. 
3. What is the 
relationship between 
the responsiveness of 
teacher follow-up 
moves in a curricular 
unit on rate and pro-
portionality and 7th 
graders learning of 
mathematics as mea-
sured by a validated 
pre- and post-test? 
Pre- and post-test 
student assess-
ments for rate 
and proportion-
ality 
 
Transcripts coded 
for responsive-
ness 
Create measures of responsiveness based on 
frequency counts and proportions 
 
Use of descriptive statistics, correlations, and scatter 
plots to identify patterns of variation and to select 
measures of responsiveness 
 
Hierarchical linear modeling to determine presence 
and strength of relationship between responsiveness 
and student learning 
4. What is the relation-
ship between the level 
of intellectual work in 
teacher follow-up 
moves in a curricular 
unit on rate and pro-
portionality and 7th 
graders learning of 
mathematics as mea-
sured by a validated 
pre-and post-test? 
Pre- and post-test 
student assess-
ments for rate 
and proportion-
ality 
 
Transcripts coded 
for intellectual 
work 
Create measures of intellectual work based on 
frequency counts and proportions 
 
Use of descriptive statistics, correlations, and scatter 
plots to identify patterns of variation and to select 
measures of intellectual work 
 
Hierarchical linear modeling to determine presence 
and strength of relationship between intellectual 
work and student learning 
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mathematics of change. The Scaling Up project includes professional development, 
software, and curriculum as it uses simulations of motion to teach the fundamental 
mathematical ideas of rate and proportionality in a two to three-week curricular unit. 
SimCalc leverages the strength of technology to embed student-controlled simulations of 
motion in meaningful, everyday contexts. It utilizes multiple, hot-linked, dynamic 
representations (simulations, graphs and tables) so students can uncover patterns and 
relationships via repeated cycles of conjecture and feedback (Kaput, 1998; Kaput & 
Roschelle, 2000). By using visual representations of rate and motion, it strips away some 
of the algebraic formalisms previously needed to study change and variation and allows 
younger students access to the big ideas of mathematics (the mathematics of change and 
variation is the precursor to traditional calculus) in a developmentally appropriate way. 
Moreover, the simulations and instructional tasks were developed to foster small-group 
and whole-class discussion where conceptual understanding of mathematical processes is 
emphasized. The larger research project was a randomized, experimental study that 
investigated the impact of the SimCalc innovation on student learning as compared with 
other modes of teaching rate and proportionality (see Tatar et al., 2008). 
PARTICIPANTS AND PROCEDURE 
The Scaling Up study recruited teachers throughout the state of Texas to 
participate through Regional Educational Service Centers (regional centers run by the 
Texas Education Agency that provide various academic services to improve instruction in 
classrooms). The initial voluntary applicant pool included 140 teachers who were 
randomly assigned to a treatment or control group.6 Both groups attended a summer 
workshop but the materials and training the two groups received differed. In my study, I 
                                                
6 The control group was a delayed treatment group. They received SimCalc training the following year as 
the Scaling Up project was a multi-year study.  
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only selected teachers from the treatment group. Teachers in the treatment group received 
SimCalc training and materials, and they agreed to replace their normal unit on rate and 
proportionality with the SimCalc unit. In addition, all teachers (both control and 
treatment) agreed to give a pre- and post-test to their students at the beginning and end of 
the unit. All participants received a stipend of $1,000 for participating in the Scaling Up 
project. Of the 48 treatment teachers, approximately 20 were selected for a more detailed 
observation of unit implementation during the 2005-2006 school year. This selection was 
not random but a convenience sample depending on the teachers’ target dates for unit 
implementation, ease of travel to and from schools, and the travel availability of the 
research team.  
Observations consisted of video footage and field notes for two consecutive days 
of the unit. One of the observed days was the target lesson, “On the Road” (lesson 6 of 
10). This lesson was selected for multiple reasons. First, it falls in the middle of the unit 
so students would be familiar with and accustomed to the software. Second, the content 
of this lesson is conceptually rich: it involves interpreting piecewise linear graphs of 
motion, including backwards motion, changes in speed, and stopping. Additionally, this 
lesson provided opportunities for a large amount of whole-class discussion. Thus it 
provided insight into the interaction patterns and discourse moves teachers used to 
scaffold student learning during discussion.  
Observing the same lesson in multiple classrooms presented a realistic picture of 
how teachers implemented the unit and allowed me to describe the variation in 
implementation across teachers while holding instructional tasks constant. However, due 
to the unpredictable and flexible nature of school, not all 20 teachers taught the “On the 
Road” lesson when observers were in their classrooms. There are thirteen videotaped 
classroom observations of the “On the Road” lesson; this subsample provides the data 
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corpus for my study. Of these thirteen lessons, ten observations are from the first year of 
SimCalc implementation and three from the second year. All thirteen teachers, however, 
were in the initial treatment group. Table 3.2 provides summary statistics for teacher 
variables. Notice that this sample of teachers was experienced, with an average of 14 
years teaching mathematics. Most teachers were in their 40s, and the typical class size 
was 18 students with the smallest class having 8 students and the largest, 26.  
 
Table 3.2 
Descriptive Statistics for Teacher Variables (n=13) 
Teacher Variables Mean Standard 
Deviation 
Range Median 
Years Teaching 15.42 7.15 5, 26 17 
Years Teaching Math 13.67 8.06 3, 26 11 
Age 44.38 8.42 33, 59 45 
Average Pre-test Score 5.877 2.28 2.32, 9 5.88 
Average Post-test Score 10.95 3.083 4.32, 14.69 11.5 
Average Gain Score 5.087 2.052 2, 10.25 5.26 
Class size 18.38 6.13 8, 26 17 
MKT Post-test Score 12.15 5.112 2, 19 13 
 
 
MEASURES 
Student Achievement 
The assessment used to measure students’ understanding of rate and 
proportionality was designed for the larger Scaling Up SimCalc study in conjunction with 
an expert panel of mathematicians and educators. It was designed to assess both basic and 
more complex understanding of the concepts of rate and proportionality using multiple 
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choice, free response, short-answer and graph generation problems. Items measuring 
basic understanding were based on the seventh grade curriculum standards for the state of 
Texas (TEKS – Texas Essential Knowledge and Skills) as well as the Texas Assessment 
of Knowledge and Skills (TAKS), a standardized test given across the state of Texas in a 
range of subjects and at selected ages. Basic items tested proportional understanding via 
the traditional definition of proportion as the equivalence of ratios 
! 
a
b
=
c
d
" 
# 
$ 
% 
& 
' . Questions 
asked students to calculate unit rate and find missing values in proportional relationships. 
An example of a “basic” test item follows. 
 
Basic Test Item: A car of the future travels 8 miles in 2 minutes. How far can it 
travel in 5 minutes? 
In addition, the assessment also tested for a deeper understanding of 
proportionality and rate as a relationship between variables and probed students’ 
understanding of function (complex items). Ideas of variation and covariation were 
assessed as well as student’s ability to analyze these relationships across a variety of 
graphical, symbolic and tabular representations. Consider the following “complex” test 
item.  
 
Complex Test Item: Maria recently traveled from home to her cousin’s house. She  
constructed this graph showing the relationship between her travel time and the  
distance she traveled.  
 
 
 
 
 
Which of the following best describes her trip? 
Di
sta
nc
e 
Time 
Maria’s trip to her 
cousin’s house 
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a) Maria drove slowly on a dirt road. She stopped for lunch just before getting 
onto a high-speed superhighway for the rest of her trip. 
b) Maria drove on a high-speed superhighway, then slowly on a dirt road, and 
finished her trip on a high-speed superhighway. 
c) Maria started on a high-speed superhighway. She stopped for lunch just 
before getting onto a dirt road for the rest of her trip.  
d) Maria drove slowly on a dirt road, then on a high-speed superhighway, and 
finished her trip on a dirt road.  
Teachers gave the assessment as a pre-test before the start of the unit, and after 
completion of the unit, administered the same assessment as a post-test. The average gain 
on “simple” items was only .902 points (s = .52) in my sample. Because there was little 
variation in student learning with this measure, I decided to use the subscore of 
“complex” items as my outcome measure (average gain on complex items was 5.08 pts). 
Initial Coding 
In order to operationalize intellectual work and responsiveness, I began with 
Wells’s framework (1996, 1999, see also Nassaji & Wells, 2000) for classifying 
classroom discourse and Erickson’s (1992) methods for analyzing video data (see also 
Lemke, 1990). After transcribing all of the videos of the “On the Road” lesson, I divided 
each transcript into episodes. An episode was defined as all talk that occurred in the 
completion of a task or activity. New episodes were detected by a shift in task (e.g., 
checking homework, collecting progress reports, discussing problem one, etc.). Since the 
same lesson was being taught in each classroom, all teachers proceeded through the same 
problems and corresponding simulations. Therefore, apart from differences in the 
introduction and conclusion of class, the episodes comprising the discussion of 
mathematical content were relatively uniform. I decided to analyze only those episodes 
dealing with content; episodes dealing with organizational issues (set up of the computer 
lab, technology issues) and management (picking up progress reports, class 
announcements) were not analyzed.  
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Below the level of episode but above the level of individual moves is a sequence, 
the unit containing a series of topically related exchanges (an exchange is an initiation 
and its corresponding response). A sequence is comprised of the initial move in an 
exchange and the succession of moves following that initial move. In a single sequence, 
information is introduced and meaning is negotiated and brought toward completion – all 
with a specific topic in mind. 
After grouping turns of talk into episodes and sequences, I categorized each move 
within a sequence as an initiation, response or follow-up (Figure 3.2 displays the various 
organizational levels of discourse and coding). I did this for all of the content-related 
episodes in whole-class instruction (excluding small group discussions and managerial or 
organizational conversations about homework, taking roll, and technology issues usually 
occurring at the beginning and end of class periods). Within whole-class interactions, I 
coded each follow-up move for three constructs: responsiveness, intellectual work, and 
content/activity. The coding of the content or activity included eleven categories: giving 
directions, introducing content (e.g., “we’re going on a field trip today”), map reading 
(the first problem in the “On the Road” lesson), management/behavior/organization, 
humor/joking, technology questions, clarification/intersubjectivity, math content, context-
ualizing position-time graphs (embedding them in real-life stories), discussing peripheral 
details of real-life scenarios (e.g., which burrito store the bus stops at), and other.  
Although I coded every follow-up move for intellectual work and responsiveness 
regardless of its content/activity categorization, the statistical analyses that follow in 
Chapter 4 include only those follow-up moves coded as having a math focus (i.e., moves 
coded as math content or embedding/contextualizing with real-life stories). After coding 
for content, I did a frequency count of the total instances of teacher follow-up for each  
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Figure 3.2. Organizational Levels of Discourse and Coding 
 
classroom (both the number of follow-up moves with a math focus and the total number 
of follow-up moves for all content).  
The development of the coding schemes for responsiveness and intellectual work 
was an iterative process emerging from the data itself and also informed by theory. I drew 
Episode 
Collection of sequences 
that resolve a problem or 
classroom activity (shifts 
in action signals a new 
episode) 
Level 1 
comprised of 
multiple sequences 
Level 2 
Sequence 
Collection of moves 
introducing and 
extending a topic 
comprised of 
multiple moves 
Level 3 
categorized 
as 
Move 
Smallest 
building block 
of interaction 
coded 
for 
I: Initiation 
R: Response 
F: Follow-up 
Responsiveness 
Intellectual 
Work 
Content/ 
Activity 
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from principles of grounded theory (Strauss & Corbin, 1998) using open coding of 
classroom discourse to identify common themes and categories. My initial analysis led 
me to hypothesize that what I then called “uptake” (which I now refer to as 
responsiveness) differed across teachers’ classrooms in a way that could potentially 
explain variation in student learning. When initially coding for intellectual work, I only 
allowed for the broader categorization of give and demand moves without accounting for 
the quality of follow-up (i.e., low- or high-level moves). Thus, the construct of 
intellectual work as I initially envisioned it did not systematically explain variation in 
learning across classrooms. This realization led me back to the literature and the decision 
to define low and high-level give and demand moves. After beginning with grounded 
theory to identify meaningful differences in classroom discourse, I turned to 
microanalysis, using techniques from conversation analysis, speech act theory, and 
sociolinguistics for a closer inspection of responsiveness and intellectual work present in 
the data. As I continued to code more of the data set, new examples arose which led to 
revisions of my coding scheme. The final coding schemes are described in the following 
sections.  
Coding Scheme for Responsiveness 
My general approach to coding considers the purpose, function, perceived intent, 
and result of each individual teacher follow-up move. Because classroom talk builds on 
itself, I did not consider single utterances or turns of talk in isolation. Instead I examined 
a teacher’s follow-up move with respect to the sequence within which it was embedded: 
How did the students interpret and act on the comment (e.g., “Can you turn off the 
overhead?” can be interpreted as a question if a student responds “Yes” but does nothing, 
or as a directive if a student gets up and turns off the overhead), and what was the 
interaction pattern and topic prior to the teachers’ comment (e.g., is this follow-up move 
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embedded within a recitation script or a teacher-student debate). Coding is necessarily 
interpretive in that it must consider both form as well as function. 
When coding for the teacher’s responsiveness to students’ ideas, I defined three 
basic levels of responsiveness – Low (which also includes no responsiveness), Medium, 
and High. High responsiveness has a further subdivision into High I and High II levels of 
responsiveness. Figure 3.3 displays the coding flowchart for teacher responsiveness and 
provides the guidelines and rationale behind the coding scheme.  
The first step in coding a follow-up move is determining if the teacher’s 
comments are responsive to the student. Moves that are not responsive include evaluative 
moves, acknowledging moves (Oh, Thank you), repeating the question (which functions 
as an indirect evaluation), and asking a related question or making a related statement 
that is not based on what a student says (but related in a broader sense to the general topic 
and goal of the sequence). These moves are all coded as low responsiveness. Table 3.3 
provides a detailed description of the various moves in this category with examples. 
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Figure 3.3. Coding Flowchart for Responsiveness 
* Invitation to make sense of other  
   S’s ideas 
* Probing of student’s thinking  
   (how did you get that; not just a  
   why question, but why in  
   reference to S’s idea) 
* Take up S thinking by giving ex,  
   revoicing, ask S to repeat (for  
   emphasis), expanding, or  
   clarifying; S thinking is still  
   visible, T is highlighting 
* Can be contradiction or  
   counterexample if S’s reasoning  
   is still focus and S is pushed to  
   reconsider conjecture 
* T asks clarifying question (est.  
   joint focus of attention) 
 
* Must be genuine attempt to  
   respond to S idea, not recitation;  
   look at sequence level for  
   evidence 
* T reasons about or expands S  
   idea/problem 
* Pursue S idea in attempt to  
   correct misconception/error;  
   specific, targeted feedback;  
   might take form of a counter- 
   example or contradiction; S is  
   asked (indirectly) to make sense  
   of T’s reasoning 
* T answers S question (S can be  
   requesting basic info, clarifying  
   instructions, perform calcula- 
   tion, or asking a conceptual  
   question 
* Corrective (give answ) 
* T does not sincerely engage  
   w/ question (brush off) 
* Vague Reformulation –  
   co-opt part/periphery of  
   S response; may expand on  
   S comment but idea is T’s  
   (embedded within recitation) 
* Minimal – fill-in-the blank  
   sequences or prompts to  
   provide additional info to  
   complete answer (give units);  
   use S comment to give  
   instructions 
 
 
 
* Evaluation (yes/no) 
* Rebroadcast 
* Acknowledge 
* Related Stmt/Question 
* Repeated Question 
Is follow-up responsive 
to student comment? 
Yes No 
Then low or no 
responsiveness 
Whose idea is 
the focus? 
Teacher Student 
Then medium 
responsiveness 
(form w/o function) 
 
Teacher Reasoning 
on Display 
Whose reasoning 
is on display? 
High I 
responsiveness 
High II 
responsiveness 
Student Reasoning 
on Display 
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Table 3.3 
Characterization and Examples of Follow-up Displaying Low Responsiveness 
Evaluation:  
T tells S whether response 
is correct or incorrect. 
Can be explicit or 
implied. 
S: The bus curves at one hour. 
T: No the bus didn’t curve. (T-16711) 
 
S: The bus arrived one hour before the van and the van followed 
finishing after three hours. 
T: Very, very good. (T-14211) 
 
T: How many hours did it take for it to reach 180? 
S’s: Three. 
T: Three? [correct answer is 4 hrs] (T-15911) 
Rebroadcast:  
An echo which functions 
as an implicit evaluation 
of correctness 
T: What’s the town that has Six Flags? 
S: Arlington. 
T: Arlington. 
S: And the Texas Rangers. 
T: Texas Rangers. (T-15211) 
Acknowledge:  
T acknowledges S 
response (Oh; Thank you) 
Jeff: Maybe he forgot something. 
T: Oh. 
Jeff: He forgot something and he went back. (T-15513) 
Repeat Question:  
An implied incorrect 
evaluation 
T: What else can you tell me about this trip? Did they both leave 
at the same time? 
Dylan: Yes. 
T: Did they both leave at the same time? (T-18511) 
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Related 
Stmt/Question:  
T asks question or makes 
statement related to S 
comment but does not 
build or incorporate on it. 
Continuation of T’s line 
of thinking where 
conversation might 
proceed in same manner 
regardless of S response 
T: Do we have a picture on top [of the simulation] or do we just 
have dots [representing each vehicle]? 
Mult S's: Dots. 
T: Just dots. Are they both starting from same place? 
Mult S's: Yes. 
T: Yes they are. Do we know how far they are gonna be going? 
S: 180 miles.  
Other S: No. (T-18511) 
 
T: Alright cuz we talked about that [positive and negative slopes] 
last week. Now it's going back down, is that a positive or a 
negative slope? 
Mult S's: Negative. 
T: It's a negative slope (Rebroadcast). Then it turns back 
around and it starts going back up again and what does that 
give us?  
Mult S's: Positive. 
T: That's a positive slope alright (Eval). Could you calculate the 
speed? (3 sec pause) Could you calculate the speed of the van? 
(T-17911) 
 
 
If a teacher is responsive to the student’s comment then the question is, “Whose 
idea is the focus of the follow-up move?” (see the right side of Figure 3.3, below “Yes”). 
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As an example, compare the two following transcript excerpts – in particular the coding 
of the last teacher follow-up move and the student comments/questions preceding them in 
both (they are in bold). In these transcripts, the students are using simulations to explore 
the motion associated with the position-time graph shown in Figure 3.4. The critical 
question for both classes is how to interpret the horizontal segment for the bus’s graph.  
 
 
 
Figure 3.4. MathWorlds Simulation and Position-time Graph 
 
 
Transcript Excerpt 3 
 
1 Teacher:  It [the bus] was going 180 miles in two hours right. So how fast  
2   was it going for one hour? 
3 Students:  90 miles an hour.  
4 Teacher:  So it was going 90 miles an hour, wasn't it?  
5 Student:  That's fast.  
6 Teacher:  Do you see why it got there first? (laughter). How fast was the van  
7   going? (pause) 
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8 Teacher:  In three hours it went how far? 
9 Student:  180 miles. 
10 Teacher:  So how fast, if it went 3 hours, in 3 hours it went 180 miles. 
11 Students: 60. 
12 Teacher:  It was going 60 miles per hour. So you see why the bus beat it  
13   there, right? … you’re seeing that the flat part is where the bus was  
14   standing still, right? Ok, just because it went faster. 
15 Student:  So that extra line was there because he was just waiting for the  
16   van. 
17 Teacher:  He was just waiting, um hum. But you still keep him on the  
18   graph because he’s still there and time is still passing for him.  
 
In this excerpt the teacher is responsive to the student’s comment (lines 17-18), 
but an inspection of the previous turns of talk reveals that the “extra line” was not really 
the student’s idea. The teacher introduced and equated the “flat part” of the line with the 
bus “standing still” (see lines 12-14). She controls the sequence from the beginning, 
ordering her questions and the calculations in such a way to set up her final point that 
stopping is associated with a horizontal line segment in a position-time graph. The 
student is not proposing the idea that the “extra line” (the horizontal segment) means the 
bus had stopped but is instead confirming his understanding of the teacher’s idea. Now 
consider this excerpt. 
 
Transcript Excerpt 4 
 
1 Teacher:  Who watched that [the simulation]? 
2 Student 1:  Oh the bus didn’t stop at all. 
3 Teacher:  No it didn’t, did it? 
4 Student 2:  I thought it stopped. 
5 Teacher:  Run it [the simulation]. Just watch the whole time. It stopped at the  
6    end, didn’t it? 
7 Student 3:  At the end. (pause) 
8 Student 4:  It [bus] got there first but it had to wait for it [van].  
9 Student:  But why does it have that extra line up there? (unclear which  
10    student made this comment). 
11 Teacher:  Well because the bus was still existing. It was still there and the  
12   time was still passing but no distance was going. Do you see  
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13   how that works? So the bus got there first and just waited for  
14   that hour didn’t it. And that’s what, it’s easy to see that in the  
15   simulation.  
Here, the interaction starts with the teacher focusing students on the simulation 
and allowing them to offer their observations. There appears to be confusion about when 
the bus stopped or what stopping means in the context of a road trip. One student asks 
why it has that extra line (the horizontal segment) up there (lines 9-10). This is an 
authentic student question, not one orchestrated by the teacher. Although the teacher 
responses in both cases are relatively similar, the difference is whose idea is taken up. In 
this example (Excerpt 4), the students’ question drove the teacher’s response, whereas in 
the first example it was the teacher’s idea that was the focus of the class conversation.  
The first example (Excerpt 3) is an example of a follow-up move that is 
minimally responsive to the student (and is therefore characterized as medium 
responsiveness). Technically we would say the teacher’s follow-up move has the form of 
responsiveness, but does not function as a sincere pursuit of the student’s thinking. A 
common example of medium responsiveness is when students provide very basic 
information (usually answering a known-answer question) that the teacher then 
incorporates into his or her next move. It is as if the teacher is following a script and uses 
student responses in “pseudodialogue” (Lemke, 1990). There appears to be interaction, 
but the students are, in effect, speaking for the teacher since the scope of acceptable 
responses is quite small and constrained. Follow-up moves displaying medium 
responsiveness (and low as well) are typically embedded within cued elicitation 
sequences (Edwards & Mercer, 1987). It is clear the focus is on the teacher’s thinking 
and students are allowed to participate minimally by providing short answers, reading 
information off charts or recalling facts/formulas. Table 3.4 provides a more detailed 
description along with examples of follow-up moves displaying medium responsiveness. 
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Table 3.4 
Characterization and Examples of Follow-up Displaying Medium Responsiveness 
 
 
 
Give Correct 
Answer or Hint:  
T’s response to incor-
rect answers; provides 
brief answer or info 
(hint) with no substan-
tive explanation (not 
tailored to specific 
misconception). “Here 
let me tell you the 
right answer” is what 
is communicated. 
Does not address S 
thinking. 
T: Ok I see what you’re thinking, just in the, in basic uh as simple as we can 
make it what is slope? Cassie? 
Cassie: Um x-axis divided by y-axis 
T: The other way around, y-axis divided by x-axis, y divided by x, or 
vertical divided by horizontal. We did that yesterday and I know that 
kinda went over our head a little bit. (T-14211) 
 
T: Okay, let me ask you this. Starting from 0, let’s look at the van. After 1 
hour, how many miles had the van traveled?  
Mult. S's: 100 miles.  
T: No after one hour. 
S: 60 about 60. (T-18511) 
 
S: It looked like he, I think he curved at Ft. Worth. 
T: No he didn’t curve, he’s still going the same route as the van. (T-
16711) 
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Vague 
Reformulation: 
T reformulates S 
comment but connec-
tion is vague; initial 
idea is transformed or 
T adapts one part of S 
response (loosely 
derived) to impart 
desired knowledge. T 
might expand on S 
response but idea 
originated from T b/c 
follow-up is embedded 
in recitation-script. 
Can also include when 
T explains S answer 
T: So how fast, if it went 3 hours, in 3 hours it went 180 miles. 
S’s: 60. 
T: It was going 60 miles per hour. So you see why the bus beat it there right 
… you’re seeing that the flat part is where the bus was standing still right. 
Ok just because it went faster. (Low - Rel Stmt) 
S: So that extra line was there because he was just waiting for the van. 
T: He was just waiting, um hum. But you still keep him on the graph 
because he’s still there and time is still passing for him. (Idea is initially 
T’s) (T-16711) 
 
T: How far did he travel? 
S: 40. 
T: 40. How do we know it wasn’t 140 or 180? (pause) Because we know 
we stopped at 140 and 140 to 180 is how many more miles? (T explains S 
answer) (T-15911) 
 
T: What is the same as, we're trying to think of things that are the same as 
we've been doing in the beginning of the workbook … 
S: Um they have, they have mileage. 
T: Ok good. We’ve had to figure out what points these have, at certain 
points what they were graphed at right. So they all had points at, 
different on the graph right? Different points on the graph. (T-16711)  
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Table 3.4 (cont.) 
 
question or idea), and instances when a teacher “takes over” a student’s idea and reasons 
about it him or herself. Tables 4 and 5 define and provide examples of high I and high II 
responsiveness in teachers’ follow-up moves. 
Note that a follow-up move incorporating a how or why question does not 
necessarily belong in the high II responsiveness category. A teacher might ask why a 
horizontal line on a position-time graph indicates the object or person is no longer in 
motion, but unless this question builds on or takes up a student’s idea, question or  
 
 
about it him or herself. Tables 3.4 and 3.5 define and provide examples of high I  
Finally, the last decision point on the coding flowchart (see Figure 3.3) describes 
two kinds of follow-up moves that display high responsiveness. If the teacher explores 
student thinking in his or her follow-up in such a way that the student’s reasoning is 
visible in the classroom talk, we have high II responsiveness. This would include 
revoicing, expanding, clarifying, giving an example/illustration/counterexample, probing, 
and challenging students’ ideas. The focus in these moves is genuinely on how students 
are making sense of the content regardless of the correctness of their responses. 
However, if the focus shifts toward correct interpretations of the content and the 
teacher’s primary motive seems to be ensuring that students are exposed to right answers 
and explanations, we have high I responsiveness. With these moves the teacher often acts 
in more of a corrective manner, pursuing a student’s idea or perceived misconception in 
service of correcting it or providing additional information. In these follow-up moves 
 Minimal: 
Includes moves where 
S provides scripted 
info in response to 
known-answer ques-
tion. T incorporates 
y/n answer, a # off 
chart or from calc, or 
recall of formula; like 
a fill-in-the-blank 
response. Also 
includes f T does not 
engage w/ S question 
(brushes it off) or 
prompts S to provide 
additional info to 
complete an answer 
(like providing units). 
T: What do we know about where they ended? 
S: 180. 
T: At 180. How long did it take the bus to go those 180 miles? (T-16711) 
 
T: How many miles did the bus go in this straight line? How many miles? 
S: One. 
Mult S’s: None. 
T: Right. None, the number zero. Ok how many hours did he go no 
miles? (T-15911) 
 
S: One hundred sixty. 
T: 160 … yards? 
S: Miles. (T-13611) 
 
S: But on the people races how come it doesn’t do that? [have a horizontal 
line] 
T: Because their time stops. Ok now everybody go to pg 32. (T does not 
engage with a good S question). (T-13813) 
 
Charleston: It goes to zero. 
T: Why does it go back to zero? (note that why or how questions are not 
automatically high responsiveness; it depends if the why/how is in response 
to a student’s idea; in this case, asking how do you know it went back to zero 
would be high responsiveness). (T-18511) 
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students are expected to make sense of and follow the teacher’s line of thinking to add to 
their knowledge base or “correct” their misconceptions.7 Moves displaying high I 
responsiveness include specific and extended feedback targeted toward a particular 
individual’s misunderstanding (or group of students), teacher’s responses to student 
questions (as long as the response is an attempt to seriously engage with the student’s 
question or idea), and instances when a teacher “takes over” a student’s idea and reasons 
about it him or herself. Tables 3.5 and 3.6 define and provide examples of high I and high 
II responsiveness in teachers’ follow-up moves. 
Note that a follow-up move incorporating a how or why question does not 
necessarily belong in the high II responsiveness category. A teacher might ask why a 
horizontal line on a position-time graph indicates the object or person is no longer in 
motion, but unless this question builds on or takes up a student’s idea, question or 
observation, it is not high II responsiveness (though it would be a high-level demand for 
intellectual work). For an example, see the last transcript excerpt under “Minimal” in 
Table 3.4.8  
Based on findings from the research described previously, I anticipated that 
classrooms displaying a greater proportion of highly responsive (sum of high I and high 
II moves) follow-up moves might have higher gain scores for mathematics achievement 
because they focus on students’ ideas. In addition, moves classified as high II might 
prove especially important for student learning because they represent opportunities for 
students to reason (with the assistance of the teacher and other students) about their own 
mathematical intuitions. Based on these hypotheses, I calculated the proportions of high 
                                                
7 Recall that corrections are sometimes coded as medium responsiveness as well. This occurs if the teacher 
provides only the answer or a brief hint. 
8 To see longer examples of the coding schemes for responsiveness and intellectual work that include entire 
sequences of talk see Appendix A 
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Question Response: 
T responds to S question – 
can be conceptual question 
or requests to repeat a 
response, give basic info, 
perform a calculation, or a 
question clarifying 
directions/ instructions. 
Amber: Wouldn’t the uh, wouldn’t part (b) be kinda like part (a)? 
T: Um maybe. This [part b] could have more detail in it. You 
could use your creativity and say why you think there’s something 
special about the bus. (T-14211) 
 
T: So you need to go over one hour and up to 40 miles and put a point 
there. On your graph. 
S: Up to what? 
T: Up to 40. (T-16711) 
 
S: How many miles per hour? 
T: He's going 90 miles per hour. (T-13611) 
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Correct 
Misconception: 
T response more corrective 
in nature. Pursues S 
thinking in an attempt to 
correct perceived 
misconception by revealing 
T’s reasoning process (T 
guides reasoning by asking 
specific sequence of 
questions – they can be 
contradictory or counter-
examples). Specific 
feedback targeted to 
particular misunderstand-
ing. May need to look at 
whole sequence to deter-
mine whose reasoning is 
being displayed. 
T: What happened to the bus there? 
Kayla: It slowed down at two hours. 
T: The bus slowed down. It actually didn’t just slow down. It 
stopped didn’t it because its distance stopped. It quit going up on 
the distance direction didn’t it? So it just sat there. Do you see that 
Kayla?  
(T-16711) 
 
T: What happened, they didn't stop but what'd they do? 
Latandria: They turned off? [S is interpreting a change of slope in a 
piecewise position-time graph] 
T: They turned. What does the graph show us only? What's the x 
axis showing us? Look at your label on the x-axis. What is it 
showing us?  
(T-13611) 
 
S: I think they tied. 
T: They tied? Look down at the x-axis. Look down at the time axis 
which is the x-axis. How long did it take the bus to get there?  
(T-16711) 
  
 
 Table 3.5 
Characterization and Examples of Follow-up Displaying High I Responsiveness 
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Table 3.5 (cont.) 
 
 
 
 
 
 
 
 
 
 
 
II responsive follow-up moves and the total number of highly responsive moves for each 
teacher. I also calculated a weighted average as an indicator of the level of 
responsiveness in a typical follow-up move. I assigned moves coded with low, medium, 
high I and high II responsiveness weights of 0, 1, 2, and 3 respectively. For example, a 
classroom with 100 instances of follow-up, 50 coded as having high II responsiveness 
and the remaining 50 as high I responsiveness would have a weighted average of 
! 
2.5 =
50 3( ) + 50 2( )
100
" 
# 
$ 
% 
& 
' . The interpretation is that, on average, a typical follow-up move in 
this teacher’s class would display a level of responsiveness somewhere between the high 
I and high II categories. For each classroom in my sample I have several measures of 
responsiveness including the proportion of highly responsive (sum of high I and high II 
moves) follow-up moves, the proportion of high II moves, and the weighted average. In 
Chapter 4, I consider how these measures are related to student learning. 
 T Reasons  
About S Idea: 
T expands on S idea. 
What differentiates 
this from medium 
responsiveness is that 
the idea originated 
with the student but 
the teacher’s reasoning 
is on display 
Gil: The bus would’ve won if he didn’t slow down. 
T: Very good sir. That’s a very good **. How do you know that,  
Gil is saying that if the, this bus slows down right at the end, what  
happened if the bus continues with the 70 miles per hour? 
Mult S’s: It would have won. 
T: Let’s extend this line [the bus’s]. Look it’s gonna get there  
in [pause as he sketches in an extension of line] 2½ hours. Look  
at this right, if you extend this one right? (T-15513)  
 
T: What's another thing that might have happened? 
S: They might have had a flat tire. 
T: They might have had a flat tire, now what happens if they have a  
flat tire? 
Mult S’s: Slow and stop. 
T: They have to stop. Words of, words of wisdom when you get  
your car in a few years. If the tire goes flat, STOP (with emphasis).  
Cuz if you keep driving you'll ruin the tire. And if you stop  
sometimes you can fix the tire and, and still have it. You can have  
it repaired, and it will still be good. So we can't say they had a flat 
tire but maybe they had a low tire and they were concerned that 
there was a problem and they thought, ok we're just gonna slow  
down and see if we can go ahead and get there. (T-13611) 
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Substantive 
Probe:  
T invites S to 
further explain his/ 
her thinking with 
probing questions 
S: It would be straight. 
T: It would be straight, well they’re all straight. What do you mean?  
(T-14211) 
 
T: What did the van do after traveling for 1½ hours? 
S: It stopped. 
Mult S’s: It went straight down. He went down. 
T: What does that mean? (T-16711) 
 
T: Any, any predictions or any conjectures on why it slowed down?  
Erin: ** gas. 
T: You think if you drive slower you use less gas? (T-13611) 
 
Brandon: I think that the bus went 70 miles per hour. 
T: Ok, uh, part, that’s partly true, but tell me about the times between the 
starting time … So like at that point that's where the bus was traveling 70 
miles per hour and I want you to tell me how you got that number. (Probe) 
Brandon: I looked and I looked at one, one hour, I looked up and it was at 70. 
T: Oh ok you matched it here at one hour (gesturing at graph on her overhead – 
she points to graph at 1.0 on x-axis and goes straight up to the y-value for the 
bus’s line, then goes left to the corresponding value on the y-axis and says 
approximately 70). (Ex of Uptake; Revoicing w/ demonstration) (T-14211) 
Contradiction/ 
Counterclaim:  
Challenges S 
thinking by asking 
Q or making obser-
vation that contra-
dicts S conjecture 
(focus still S think-
ing and response 
doesn’t illustrate 
T’s reasoning) 
T: Ok so you're saying the bus did what? What was the difference between what 
the bus did and what the van did? 
S1: It swerved.  
S2: The bus went straight but then it swerved whenever it hit. 
T: Ok now does anything on this graph tell us which direction the bus is 
going? (T-16711) 
 
T: Ok but what happened from 1 and a half hours to 3 hours? (backwards motion 
is depicted on position-time graph) 
Payton: Oh his speed was decreasing. 
T: His speed was decreasing. (Pause) Ok he, he, his speed was decreasing, 
his, his line is not tilted the same, it's not as steep. (Pause) Remember a 
decrease in speed means the line will not be tilted as much. 
Payton: But it's tilting the opposite way. (T-13611) 
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Make Sense of 
Other’s Ideas: 
Invitation for S’s to 
make sense of one 
another’s thinking 
(agree/disagree, 
give hints, etc.) 
T: This is a new type of graph we haven’t looked at one like this before. Without 
telling her the answer can you give her a hint? Now that’s a very hard 
thinking to do ‘cuz it’s much easier to tell the answer … Ken do you think 
you can give her a hint without telling the answer? 
Ken: The van was going at like the same speed the whole entire time. (T-13611) 
 
T: What is this [horizontal section of graph] right here? 
S: it means they stopped. 
T: It means they stopped. Does everybody agree? (some Sts raise hands) 
What do you think? (T calls on St who did not raise her hand). (T-13813) 
 Table 3.6 
Characterization and Examples of Follow-up Displaying High II Responsiveness 
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Table 3.6 (cont.) 
 
 
 
 
 
 
 
 
 
 
 
Coding Scheme for Intellectual Work 
The coding scheme for intellectual work has four categories, differentiated by 1.) 
prospectiveness (giving or requesting information from the student), and 2.) by the type 
of information or action that is requested. Figure 3.5 displays the coding flowchart for 
intellectual work and provides the guidelines for using the coding scheme.  
The first step in coding for intellectual work is to determine if the teacher’s 
follow-up move requests information from students (demand move – the right branch of 
the flowchart) or provides information to students (give move – the left branch). 
Sometimes a single follow-up move can do both. When this occurred in my data, I coded 
the follow-up move as both a give and a demand. This allowed me to represent the 
complexity and multiple functions of a single utterance while preserving as much data as 
possible. This differs from my coding of responsiveness where each instance of follow- 
 Uptake: 
S ideas taken up 
through revoicing, 
expanding, clarify-
ing, giving an ex or 
illustration. High-
lights S thinking 
and connection is 
clear. Also includes 
requests for S to 
repeat idea (when 
done to emphasize) 
Bailey: ...and then the bus took 90 miles per hour which because he wanted to 
make his some, I think I don't know, a store was going to close at a certain 
time and all the kids wanted to go there.  
T: Oh so that's why he was going so fast. Ok. (T engages w/ S idea and 
supplies missing connection.)  
Bailey: They arrived an hour earlier than the van.  
T: Ok. Maybe they were all starving to death and they were really 
wanting to go eat at a restaurant and it had to close at a certain time. 
(Specific ex based on S idea) (T-14211) 
 
T: How do we know it’s a slow down process? 
Kat: Because it [student moves her arm from steeper incline to more 
horizontal] 
T: [points to Kat] There you go, she’s got it (laughs). All she’s doing is 
laying her arm down, her hand down. [repeats Kat’s gesture for 
emphasis].  
Terel: The angle declines. (T-14911) 
 
** See also 4th example under Substantive Probe 
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* Request to explain  
   solution or justify  
   claim/reasoning  
* Request to interpret  
   others’ idea (“do you  
   agree”; “does her  
   explanation match the  
   graph”) 
* Open-ended questions  
   (What do you notice…) 
* Request for hint,  
   example or counter- 
   example 
* Request to predict or  
   interpret graphical  
   representation of  
   motion 
* Request to generate  
   appropriate story  
   contexts  
  (contextualization) 
* Request to determine  
   problem-solving  
   process or strategy 
* Request to compare,  
   make connections and  
   generalize 
* Some y/n and multiple  
   choice questions (must  
   look at intent) 
* Request to calculate  
   incremental speed, time  
   or distance (if query is  
   left problematic) 
 
 
* Request for fact, formula,  
   terminology, property, defi- 
   nition, convention (recall);  
   includes most requests to  
   calculate speed (exceptions  
   are calc of incremental  
   speed/dist/time)  
* Request to identify informa- 
   tion or a value from chart or  
   graph 
* Perform calculation; give  
   answer to algorithm or  
   other “automatic” process 
* Request confirmation  
* Some multiple choice and  
   y/n questions (look at intent  
   – is intent beyond y/n  
   response; is Q meant to  
   challenge and spur further  
   thinking) 
* Request for units 
* Request or encouragement  
   to continue line of thinking  
   (“you got it” or “keep going”) 
* Implied evaluation in the  
   form of a question (usually  
   y/n question) 
* Moves w/ form of question but  
   function to give information  
   (Fake Questions); these moves  
   are double coded as low  
   demand and the approp give 
 
* Explanation or justifi- 
   cation of procedure,  
   strategy or thinking (can    
   be revoicing as long as  
   intent is to amplify and  
   not echo) 
* Generate story context  
   – embed graph of motion  
   in real-life scenario 
* Determine appropriate  
   problem-solving strategy 
* Interpret graphical  
   representation or predict  
   motion – more than stat- 
   ing a horizontal segment  
   means motion stops (need  
   explanation) 
* Compare/contrast or  
   make a connection 
* Provide an example or  
   counterexample 
* Make jdmt or evaluate  
   between claims 
 
* Evaluative moves 
* Rebroadcast move (an  
   echo without intent to  
   emphasize; can occur if  
   rebr a basic fact or S  
   explanation) 
* Incorrect, confusing  
   explanations or info 
* Identify info/value  
   from chart or graph 
* Recalled fact, formula,  
   definition, property,  
   algorithm or other   
   “automatic” process 
* Result of calculation 
* Telling process or  
   procedure (w/o ex- 
   plaining the “why”) 
* Confirmation 
* Mgmt or behavior  
   correction 
 
 
Is speaker providing or 
requesting information? 
Give 
(if speaker provides 
information) 
Demand 
(if speaker requests 
information) 
What type of 
information is 
given? 
What cognitive 
action is 
requested? 
Low-level High-level High-level Low-level 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.5. Coding Flowchart for Intellectual Work 
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up received a single code. If multiple levels of responsiveness were present in one turn of 
talk, the follow-up move was assigned the higher of the levels of responsiveness.  
As discussed in Chapter 2, demand moves are generally thought to require more 
intellectual work from students since they elicit information and require an additional 
student response. However, the complexity of the cognitive action depends on the type of 
information students are interpreting or are requested to provide. I contend that recalling 
the Quadratic Formula (responding to a demand move) requires less intellectual work 
than making sense of another’s explanation of a nonstandard, invented strategy for 
solving 26+57 (responding to a give move). Thus, for both give and demand moves, I 
distinguish between low- and high-level moves (see Figure 3.5). The differentiation is 
based upon whether the follow-up extends reasoning or supplies basic information. 
Tables 3.7 and 3.8 provide descriptions and examples of the latter: low-level give and 
demand moves. The similarities between the tables lie in the kinds of information given 
or requested – recalled facts, formulas, definitions, terms; values identified from a graph 
or chart; results from an automatic process (e.g., a calculation or algorithm); and minimal 
engagement with the underlying mathematics (e.g., telling without explaining or known-
answer questions where students guess the correct or desired response). 
In general, when compared with high-level moves, the illustrations in Tables 3.7 
and 3.8 lack explanations. As an example, consider give moves that interpret graphs of 
motion (see Table 3.7 under “Telling process or procedure”). The critical difference 
between a low- and high-level give is whether the teacher is merely telling or if she 
explains why certain shapes and orientations (horizontal, mountain, slanting down) on the 
position-time graph represent different types of motion. The former is coded as a low- 
level give and the latter as a high-level give. Using “the graph is flat” to justify the claim 
that a runner or vehicle stops does not address the meaning embedded in the graphical 
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Table 3.7 
Intellectual Work: Low-level Give Moves 
Evaluation, 
Rebroadcast and 
Confirmation:  
T evaluates (directly 
or indirectly), 
rebroadcasts (without 
intent to emphasize; 
not true revoicing), or 
confirms 
T: How about the va, the uh second speed for the bus? Larissa? 
Larissa: 60 miles per hour. [incorrect answer] 
T: For the bus? (Indirect evaluation) (T-13611) 
 
T: So look at, how many hours did it take the bus to get to 
Daniel: (interrupting) 2 hours! 
T: 2 hours. Right. Two hours. (Direct evaluation) (T-15911) 
 
T: What is it [the x-axis] showing us? 
Lucy: Hours. 
T: The hours or time. (Rebroadcast) (T-13611) 
 
S: So that extra line was there because he was just waiting for the van. 
T: He was just waiting, uh huh. (Confirmation) (T-16711) 
Incorrect, 
confusing, or 
partial 
explanations  
 
T: What about this one? Positive or negative [slope]? (Graph is inverted “V” 
and here T initially refers to slope of first part of “V” which is positive) 
Mult S's: Positive. 
T: Why?  
S: Cuz it's going up? 
T: Cuz it's going up so you can have negative slopes.  
S: Would it just be the same thing just a negative number? (for the slope of the 
second part of the “V”) 
T: Um, we need, if we're gonna do that we'll do that tomorrow. Where we 
can actually get a piece of graph paper and I can show you where you're 
going. Because you're going to be going down instead of going up. Okay? 
(Attempt at explanation but unclear and avoids explanation by postponing) (T-
13813) 
Provide basic 
info: Identify, read 
time or distance 
values from chart or 
graph; tell result of 
calculation; provide 
recalled fact, 
formula, definition, 
term, algorithm 
 
T: And where'd you get, end up? 
S: I'm confused now. 
T: You're doing good. You've got it right there. At 4 hours it was at 140. No 
right here. Ok and then at 5 hours it's at 180. (T-16711) 
 
T: So what’s our slope? 
S: 100 divided by 1.5 
T: 100 divided by 1.5. What’s our slope, 66.666 forever, right? (T-13813) 
 
S: How many miles per hour? 
T: He’s going 90 miles per hour. (T-13611) 
 
T: So, but, in this situation let’s calculate the speed. How do you do that? 
Mult S’s (all at once): Rate times; speed; distance 
T: Distance equals rate times time. So you have to figure out what is your 
distance. (T-15011) In
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Telling process or 
procedure: Telling 
a procedure without 
explaining why; this 
includes interpreting 
motion without an 
explanation 
T: So how fast, if it went 3 hours, in three hours it went 180 miles 
Mult S's: 60. 
T: It was going 60 miles an hour. So you see why the bus beat it there right? 
[bus traveled 90 mph] Ok any questions about this. You're seeing that the flat 
part is where the bus was standing still. (T-16711)  
 
S: It got slower. 
T: It got slower. It slowed down. So do you see that that bend in the graph 
doesn't say that the bus turned in any way. It just said that it slowed down 
because it's speed changed. The graph changed. (why does the bend show it 
slows down; no mention of steepness or comparison of distances) (T-16711) 
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Table 3.7 (cont.) 
 
 
 
 
 
 
 
representation; this is telling. The question of why a flat line represents stopped motion 
remains. 
 Similarly, justifying slowing down because the graph “bends” or justifying going 
backwards because the graph is “tilted down” are both low-level gives. It is easy to 
imagine a student repeatedly associating “bending” with a change of speed and never 
knowing why the association exists. This type of knowing is much different than 
understanding. Contrast that with a student who notices that when going over one unit on 
the x-axis both before and after the “bend” (i.e., holding horizontal distance the same), 
the distance traversed vertically changes. Because the vertical distance decreases, the  
position-time graph is not as steep and appears to “bend” down. In terms of speed, the 
distance the vehicle covered in one hour changes from 60 miles to 40 miles which results 
in a decrease in speed. Encouraging students to interpret the meaning behind graphical 
representations in this fashion moves beyond telling without explanations and involves 
the use of high-level follow-up. 
 
 Telling process or 
procedure (cont.) 
T: Is it [a line segment slanting down] going to be positive slope do 
you think?  
Mult Ss: No 
T: No, it’s going to be negative. And it’s going to be negative 
whatever the speed is. Just remember that. (T-15911) 
 
T: Ok let's do the van, the red one. What are we gonna graph for the 
point for the van?  
S: 60. 
T: Over two and up to 60. Good. over two and up 60. Ok so go 
over two and up 60 and graph that point. And connect it to the 
one that was (1,40).  
S: What do you mean over 2? (T-16711) 
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Table 3.8 
Intellectual Work: Low-level Demand Moves 
Request for basic 
info: Request for 
fact, formula, 
definition, property, 
units or other recalled 
information 
So go through, take a look at your graph and I want you to calculate the speed for 
the van. The van was a constant speed right? Then I want you to calculate the 
speed for the bus. Now how do we calculate speed or the other word for speed 
was what? 
S - Rate. 
T - Rate.  So what are you gonna do? How do we calculate it?  
Mult S - Distance. 
T - Distance divided by what? (T-17911) 
 
S: One hundred sixty. 
T: One hundred sixty:: yards? 
S: Miles. (T-13611) 
 
T: Now here's my next question to you before I let you type in another simulation. 
Find the slope of the bus and find the slope of the van. Now how did we define 
slope last week?  
Multiple S’s and T in unison- Rise over run. (T-17911) 
Identify/read 
values; repeat 
info: Request to 
identify/read values 
off chart or graph; 
request to repeat 
previous comment; 
request to read 
answer from 
workbook 
T: Look, how far did it go in two hours? 
S: Uh 180. 180 miles. (T-16711) 
 
T: What does the graph show us only? What's the x axis showing us? Look at 
your label on the x-axis. What is it showing us?  
Larissa: Hours. (T-13611) 
 
Payton: But it's tilting the opposite way. 
T: It's tilting the opposite way. So it's not about his speed decreasing. What's 
happening? Which number is decreasing? Low demand (would be high if T not 
added last question) (T-13611) 
 
T: Ok Marcus say that again because that's an important point right there. 
Everybody listen. (T-13813) 
Perform 
calculation or 
other “automatic” 
process: Includes 
most requests to 
calculate speed 
except for piecewise 
calculations 
T: 100 divide by 1.5. Raise your hand. What do you get? I don't have a 
calculator, computer up here guys. You're gonna have to help me. (T-17911) 
 
T: Let's figure out the speed on the the van guys. The road is the van. Alright. The 
distance was 180 miles and it took us three hours. What was speed? 
S: 60 miles per hour. (T-15211) 
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Request 
confirmation; 
clarification 
question; 
encourage S to 
continue with 
their idea 
Dennis: Why can't they just erase that line, that extra line?  
T: What here? (clarification) (T-13813) 
 
T: No, how many speeds?  
S1: 2. 
T: Do you have, you have 2 different speeds, right? (Requesting confirmation) 
S1: Yes. (T-15513) 
 
Homero: Well the bus (pause – S trails off) 
T: The bus what? (request for S to continue) 
Homero: Speeds up. Well, it changes direction. (T-15911) 
 
T: Good. Keep going. (T-13611) 
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Implied 
evaluation: Usually 
in form of yes/no 
questions 
T: The 180 [miles the van traveled]. And how much time? How much time? 
S: One hour. 
T: In one hour? The van only took one hour? (T-15811) 
 
T: Can we calculate the speed as a whole like the van? 
Two S’s: Yes. (incorrect response) 
T: Are you sure? (T-15513) 
Fake questions: 
has form of a 
question but 
functions as giving 
information; 
appropriate response 
is “hidden” in the 
question (double 
coded as low demand 
and the appropriate 
level of give move) 
S: They could have went to the bathroom [reason why bus slowed down]. 
T: But they didn't stop. It's not showing a stop is it? (T contradicts S story; 
Low Demand but High Give) (T-16711) 
 
T: Alright, everybody needs to look up here. These are the kinds of graphs you’ve 
been working with? Right? It goes up (Traces position-time graph projected on 
board, an inverted “V”, w/ her finger.) But now, it’s going down. Okay it's 
going down. So remember that. When you’re going up the speed is a slope. 
But now the line is going down. So guess what kind of slope you’re going to 
have if you’re going down. Is it going to be positive slope do you think? (Low 
Demand and Low Give; also T’s attempt to explain is confusing)  
Mult Ss: No (T-15911) 
 
S2: The bus started to get in front but whenever it curved the van sped up and 
caught it. 
T: Now you said the bus started out in front, but they both started in the 
same place didn't they? (Low Demand and Low Give) 
S2: Yes maam but when 
T: (interrupting) No cuz the lines have nothing to do with which direction they 
went. The lines are their speed. (T-16711) 
 
Some multiple 
choice and y/n 
questions: must 
look at intent – is 
purpose to challenge 
and spur further 
thinking and beyond 
y/n response; if so 
it’s high demand 
Dennis: But if like when you reach Dallas you've already gone 180 miles. Why 
would it go down in time?  
T: Well is time gonna stand still right there Dennis or is time gonna keep 
going? Huh? (T is essentially giving information by asking a question w/ an 
obvious answer - of course time will not stand still!) 
Dennis: Keep going. 
T: He's not, he's not moving any more miles is he? (T-13813) 
 
T: What about this one [the slope of a line segment]? Is it positive or negative? 
(T-13813) 
 
Before considering follow-up characterized as a high-level give or demand, I want 
to briefly mention the category of fake questions in low-level demand moves (see Table 
3.8). Moves in this category have the form of a question, but function as giving 
information; thus they are double coded. Often in fake questions, the appropriate student 
response is obvious or “hidden” in the question. In the following exchange the class is 
considering the question, “What is the same about slope and rate?” 
 
Transcript Excerpt 5 
 
1 Student 1:  Uh both are used on graphs that have time and distance. 
2 Teacher:  Ok could they both be used on graphs that are something besides  
 87 
3   time and distance? 
4 Student 1:  Hmm yeah I think they could. 
5 Teacher:  Could they be like number of cones (gestures sideways  
6    horizontally in front of the x-axis on his poster) and the price  
7   (gestures upwards in vertical direction)? 
 
In lines 5-7 the teacher’s follow-up is a fake question. The appropriate and 
obvious student response is to agree. Essentially the teacher is giving information under 
the guise of a question. In fact, we could rephrase that turn of talk as “Slope and rate can 
also be used on graphs of price and the number of items,” and accomplish the same thing 
in terms of the group’s collective thinking about slope and rate. When looking at the 
teacher’s broader intention we see she is challenging the student’s statement that slope 
and rate both use time and distance in graphical representations. In an attempt to 
generalize the conception of rate and slope beyond time/distance applications, she 
provides an example from a previous lesson (price per unit or price per cone). This 
follow-up move is coded as both a high-level give (high-level give because the teacher is 
generalizing and making a connection) and a low-level demand. By way of comparison, 
consider the fake question in the following illustration. 
 
Transcript Excerpt 6 
 
1 Teacher:  And then I'm going to stairstep over.  
2 Mult St's:  4. 
3 Student:  Yeah but that's 4 (pause) 
4 Teacher:  Isn't it from 2 to 3? 
 
Here we have a fake question that is a low-level demand and a low-level give. She 
is correcting the student answer of four. In this instance, the information provided is basic 
– the teacher identifies values from a position-time graph so students can correctly 
calculate the distance traveled. As in the last excerpt (Excerpt 5), her question has an 
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obvious response. Students quickly learn these types of questions are not genuine, yet 
dutifully cooperate in these instructional routines so the activity will proceed smoothly 
and orderly. Fake questions are one way teachers can “take over” a task to reduce 
cognitive complexity and remove student struggle. These moves shift the majority of the 
intellectual work and control back to the teacher. 
Tables 3.9 and 3.10 define and provide examples of high-level follow-up moves. 
Table 3.9 displays high-level gives and Table 3.10, high-level demands. In general, high-
level follow-up moves extend, explain, justify, conjecture, compare, contrast, generalize, 
contextualize, challenge, interpret, provide examples and/or counterexamples, or request 
these actions from students.  
Notice in Table 3.10 that some yes/no and multiple choice questions are included 
as high-level demands. Typically, yes/no questions are coded as low-level demands, but 
there are exceptions. If a question frames alternatives and asks students to evaluate or 
make a judgment, it is coded as a high-level demand. Additionally, some yes/no 
questions serve to challenge and contradict student conjectures. To differentiate between 
low- and high-level yes/no questions, I considered the teacher’s perceived intent and how 
the students took up the question or challenge. To illustrate, compare the two following 
transcript excerpts. 
 
Transcript Excerpt 7 
 
1 Student 1:  He took a wrong turn.  
2 Jeff:   Maybe he forgot something.  
3 Teacher:  OK. 
4 Jeff:   He forgot something and he went back.  
5 Teacher:  He went back? 
6 Student 1:  No. 
7 Teacher:  OK, so you're saying- 
8 Student 1: (interrupting the teacher) Otra vez. At the starting point, otra vez.  
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Table 3.9 
Intellectual Work: High-level Give Moves 
Explain or 
justify 
procedure, 
strategy or 
thinking (can be 
revoicing S’s 
idea too) 
Brandon - I looked and I looked at one, one hour, I looked up and it was it was at 
70. 
T - Oh ok you matched it here at one hour (gesturing at graph on overhead. T 
points to graph at 1.0 on x-axis and goes up to the ordered pair on bus’s line, 
then goes left to the corresponding value on the y-axis). Approximately 70. 
(Explanation of procedure with revoicing) (T-14211) 
 
T: How far did he travel? (after slowing down – asking S’s to calc incremental dist) 
Student: 40 
T: 40. How do we know it wasn’t 140 or 180? Because we know we stopped at 
140. And 140 to 180 is how many more miles? (High give – T reasons about 
student answer, low demand) (T-15911) 
Generate story 
context: T 
contextualizes 
graphical 
representation with 
real-life scenario 
T: Alright now, I thought of one other thing that would make the bus slow 
down. What about if they were doing construction on the road, do they make 
you slow down for that? 
St's: Yes. (T’s original question is why the bus slowed from 70 to 40 mph) (T-
14911) 
Interpret 
graphical 
representation 
and predict 
motion 
T: What do you think that means?  
S1: It stopped. It waited. 
T: That it stopped very good. It waited for who?  
S2: The van. 
T: For the van to get there. Ok even though he got there at 2 hours he still waited 
for the van for that extra hour. So this is representing time is still going on. It 
goes from two to three. This is still the one hour. But he didn't go anywhere. 
He just waited there. (T-15811) 
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Provide 
example, 
counterexample 
or contradiction 
T: Ok how did you determine that (the speed of the bus, which has 2 speeds and 
not one constant speed)?  
S1: Divided the 180 miles by 3 hours.  
S2: Yeah that's what I got.  
T: Ok if I divide the final distance divided by the final time. Ok that's gonna 
give me a speed that's right. But you told me first he was going fast and then 
he slowed down. (challenge/contradict S conjecture of 1 constant speed) (T-15811) 
 
T: Okay, and so what you just said was I'm wasting time or I'm using time up, but 
I'm not doing what? 
St's: Moving.  
T: Moving, alright? My distance isn't changing from where I've started, so 
therefore I must be sitting. But while you sit, don't you use time? 
Mult S’s: Yes. 
T: I mean, this whole class period's like 53-minutes long, we're going to use 53 
minutes of our lifetime just today, watching this classroom. Alright, are we 
going anywhere for this 53-minutes? 
St: No.  
T: No, where are we going to be?  
Prism: Right here. 
T: Right there in that chair, aren't we? We're not going to be moving. (T 
provides example of time continuing without a change in position) (T-14911) 
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Table 3.9 (cont.) 
 
 
 
 
 
 
 
 
 
Transcript Excerpt 8 
 
1 Teacher:  What about the van? 
2 Student:  It goes slow. 
3 Teacher:  Alright the van. Does it, does it slow down? 
4 Mult. S’s:  No. 
5 Teacher:  Does it go faster?  
6 Mult S's:  Yes. 
7 Mult S's:  No. 
8 Teacher:  It doesn’t go faster, it goes at a steady, a steady speed right. It  
9   doesn’t go faster it doesn’t go slower, it goes at a steady speed.  
 
In the first excerpt, the teacher’s yes/no question in Line 5 challenges Jeff’s correct 
interpretation of this graph of motion. Differing from the majority of yes/no questions, 
the answer is not obvious nor is this move an implied evaluation signaling an incorrect 
answer. Here the yes/no question problematizes Jeff’s conjecture and spurs thinking 
beyond a simple, one-word response. The interpretation of motion is left under 
construction for students to resolve themselves. Notice that Student 1 does exactly that as 
he takes up the teacher’s challenge, disagreeing in line 6 and then changing his mind in 
 Compare, contrast, 
make connections; 
determine appropriate 
problem-solving 
strategy 
 
T: A rate of, a rate of:: well it'd be cones but it'd be the rate of 
(pauses)  
S: The cost 
T: The cost, the rate of cost ok. Sometimes we talk about, uh, 
other rates that are not speeds ok. Today we're gonna talk 
about the rates of speed again. (Make connection and 
generalize) (T-13611) 
 
T: What is the same as, we're trying to think of things that are 
the same as we've been doing in the beginning of the 
workbook.  
S: It's like a race. 
T: Ok they're both moving right? And we're comparing 
how they move. Race, race implies that one is trying to get 
there before the other and we don't know that about the bus 
and the van right. (T-16711) 
 
 91 
Table 3.10 
Intellectual Work: High-level Demand Moves 
Request to 
explain solution 
or justify 
claim/reasoning 
T: What do think happened on the trip? Larissa? 
Larissa: The bus took a different path. 
T: The bus took a different path and why do you think that? (T-
13611) 
 
S1: He slowed down. 
S2: He drove back. 
T: How do you know he drove back?  
S2: Because it went back down to zero. (T-15811) 
Request to 
interpret other’s 
idea; request for 
example, 
counterex, or 
hints 
Elsa: The van and the bus were headed to Dallas. The bus went 90 miles 
per hour. The van goes 60 miles per hour ** (unintelligible). 
T: Alright, does that, does that verify the graph? (request for class to 
interpret S idea) (T-15911) 
 
T: Without telling her the answer can you give her a hint? Can you give 
her a hint. Now that's a very hard thing to do ‘cuz it's so much easier to 
tell the answer. So think about what you're saying, think about what you 
know the answer is but don't tell her that part. Adam you think you can 
give her a hint without telling her the answer? (T-13611) 
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Request to 
predict, interpret, 
connect, compare, 
generalize: 
Requests to interpret 
graphical 
representation of 
motion; to compare 
(similarities and 
differences) and 
make connections 
(with different paths 
of motion and also 
across representa-
tions); to generalize; 
to answer open-ended 
questions (make 
observations) 
T: Ok so you see what has happened, how does the graph show that the 
van turned around?  
S: Because it went to 100 and then it went straight back to 0. Then it went 
to 180. (T-16711) 
 
Lucy: Maybe they stopped. 
T: Maybe they stopped. Ok if they stopped what would it look like? (to 
class)  
S: It would be straight. 
T: It would be a straight, well they're all straight, what do you mean? 
(T-13611) 
 
T: What's the difference in a unit rate and a slope? (T-13813)  
 
S: They were both going fast.  
T: They were both going to the same place right? And they're both 
going about, did they go in the same amount of time? (request 
comparison between 2 graphs of motion; note wide variation in 
“comparison” questions). (T-16711) 
 
T: How far he is from where? 
Payton: From where he started. 
T: From where he started. If your distance is decreasing from where 
you started what's happening? (T-13611) 
 
T: Alright take a look at the graph when you run the simulation. Here's 
my question to you. What information can you get from last year's trip 
from looking at and analyzing the graph? … What do you thinks 
happening here on the graph? First of all let's talk about what you 
see. What do you see happening with the van? (open-ended question) 
(T-17911)  
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Table 3.10 (cont.) 
 
Request to 
generate story 
contexts (context-
ualization) 
T: Now, let's think about what could have happened to the bus 
that would have made it a 40, at 70 miles an hour and then slow 
down to 40 miles an hour.  
Mason: Since they're by Fort Worth and Dallas traffic. 
T: Okay. About the time you get to the 140 mile marker, you might be 
into Fort Worth, or at least the outskirts of Fort Worth. (T-14911) 
 
T: He had to wait because what was the van doing? 
S: It was, it went back home and now he had to go all the way back up 
to that place.  
T: Ok so what do you think mighta happened that caused this trip 
to be like this? 
S2: He forgot something like his toothpaste. (T-16711) 
 
T: Alright so now, your turn to tell another story that could go 
along with the graph. What's gonna happen this time? (T-15911) 
Request to 
determine approp. 
problem-solving 
strategy 
S: I had to read one [a map] from uh Texas to Baltimore. 
T: From Texas to Baltimore. Was that pretty long? Ok now you're 
talking about how long the trip was. Does anybody, can anybody see 
how long it really was? Is there any way to tell on the map how long 
it really was?  
S1: Estimate.  
S2: Probably a few hours. (T-16711) 
Request to calc 
incremental speed 
(time or dist): If 
query is left 
problematic and T 
does not funnel 
T: Well by looking at the graph we see that the graph is not as steep as 
it started. So we know that it slowed down. So from the 2 hours to 
the 3 hours what was the speed then? (High demand b/c request to 
calculate incremental speed with no hints) 
S: 60. (incorrect answer) 
T: 60 miles per hour? Well let's see. From the 2 to 3 hours how much 
time did that happen? (Low Demand; T reduces cognitive demand of 
question by identifying the appropriate intervals) (T-15811) 
Request to 
evaluate between 
alternatives and 
make judgments 
T: What do you think? (request to interpret a given graph of motion)  
S: Change of direction.  
T: Oh they changed direction. Alright we've got they stopped, they 
changed direction. What do y'all think? (T asks S to evaluate 
between alternatives) (T-13813) 
 
 
Some y/n 
questions: 
Challenges and 
contradictions to S 
conjectures – must 
look at intent and 
how S’s take up the 
challenge. 
T: What do you think happened with the bus three years ago? What do 
you think happened? Adam?  
Adam: Same thing that happened last 
T: Same thing?  
Adam: Well almost the same. He got there before the van so he had to 
stop and wait for him. (High demand; T challenges S’s conjecture and 
forces him to justify his claim which he does; important to see how S 
takes up T’s challenge) (T-13611) 
 
T: Now could you figure the slope on this one? (the negative slope for 
the decreasing segment of inverted “V”) 
Mult S's: Yes; No. 
S1: I don't think so. 
S2: It'd be right back down right? 
S3: It'd be, it'd be exactly the same.  
T: It would be the same thing? Would it? (y/n question where T is 
genuinely challenging S; also S's take it up as a challenge). 
S: Zero to zero. 
S: No. It'd be 100, 1.5 divided by (pause). (T-13813) 
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line 8. Contrast that with lines 3 and 5 in the second excerpt which are examples of low-
level yes/no questions. In this case, the teacher is looking for specific responses in order 
to set up her concluding point that the van traveled at a constant speed. Instead of 
providing opportunities for students to make conjectures, to compare the van’s motion to 
the bus’s, and to notice the constant speed on their own, the teacher constrains the scope 
of student contributions in this sequence before telling the class the correct interpretation.  
Based on findings from research, I anticipated that classrooms with more 
intellectual work reflected in the discourse would have higher gain scores for 
mathematics achievement. If students routinely engage in mathematical thinking – which 
I have defined as participating in activities of argumentation, making claims and 
counterclaims, collaborating, problem posing, looking across seemingly unlike 
mathematical objects, strategies, representations, and exemplars to find points of 
commonality (and difference) in order to generalize and categorize, and critically 
engaging with the underlying definitions, theorems, structure and logic of the discipline – 
I would expect deep understanding of the content.  
I use several measures of intellectual work including the proportion of high-level 
demand follow-up moves, the proportion of high-level give follow-up moves, and the 
proportion of all high-level follow-up moves (sum of high-level demands and gives less 
their intersection). I anticipated that high-level demand moves would have a stronger 
relationship with student learning than high-level give moves because demand moves 
typically require more cognitive work from the student. My tacit assumption was that 
making oneself understood requires more intellectual work than making sense of and 
listening to another’s explanation. Both, however, can be difficult and complex 
intellectual tasks; it is likely they work most effectively in support of each other. A 
classroom that relies exclusively on high-level demands would eventually become 
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frustrating for students. Moreover, there are mathematical conventions and limitations of 
time which necessitate giving information at times. Whether high-level gives are more or 
less effective than high-level demands is not really the question. I anticipate both having 
a positive relationship to student learning, and that optimal learning environments will 
make judicious use of both types of follow-up moves.  
In addition, I calculated a weighted average as an indicator of the level of 
intellectual work in a class’s typical follow-up move (the higher the weighted average, 
the more intellectual work present in a classroom). I assigned moves coded as low-level 
gives or low-level demands a weight of 0, moves coded as high-level gives a weight of 1, 
and moves coded as high-level demands a weight of 2. This weighting reflects my 
assumption that low-level moves are not as beneficial to student learning and moves that 
ask students themselves to do mathematics (i.e., high-level demand moves) have the most 
potential to improve learning. For example, a classroom with 80 instances of follow-up, 
50 coded as low-level give or demands, 25 coded as high-level gives, and 25 coded as 
high-level demands would have a weighted average of 
! 
.75 =
50 0( ) + 25 1( ) + 25 2( )
50 + 25 + 25
" 
# 
$ 
% 
& 
' . 
Notice the denominator is not 80 but the sum of the individually coded moves. The 
interpretation of the weighted average is that, on average, a typical follow-up move in 
this teacher’s class would display a level of intellectual work close to a high-level give 
(which has a weight of 1). For each classroom in my sample I have four measures of 
intellectual work including the proportion of total high-level follow-up moves, the 
proportion of high-level demand moves, the proportion of high-level gives, and the 
weighted average. In Chapter 4, I consider how these measures are related to student 
learning. 
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Interrater Agreement 
In order to assess the functionality and usefulness of the coding schemes and the 
consistency of the primary coder, I selected a random sample of ten percent of the 
sequences in the data set and determined the level of agreement between two independent 
coders. The first sample selected included 36 sequences and 217 instances of follow-up 
(there are 407 sequences and 1,838 instances of follow-up in the data corpus) with each 
classroom contributing at least one sequence. Initially, I randomly selected 45 sequences, 
removed any that were managerial, related to giving instructions, setting up computers, or 
non-instructional, and added additional sequences deemed problematic and potentially 
hard to code. This left approximately 320 follow-up moves, so I removed complete 
sequences (starting with the last randomly selected sequence) until there were closer to 
200 instances of follow-up. Note that this selection was not completely random since I 
purposely selected potentially challenging sequences and included them in the 
subsample.  
After reviewing the definitions of intellectual work and responsiveness, doing 
preliminary coding of some sample sequences, and discussing the coding schemes in 
depth, both the primary and secondary coders coded the 10% sample independently. 
Unlike the primary coder, the secondary coder did not participate in the creation and 
development of the original coding schemes. Interrater agreement was 80.6% for 
responsiveness and x% for intellectual work.  
Resolving disagreements for the coding of responsiveness led to a revision of that 
coding scheme. Initially, there were only three levels of responsiveness – low, medium 
and high. As a result, moves that are now defined as high I were being coded as either 
medium or high in an inconsistent way. Thus, I modified the coding scheme, 
differentiating between high I and high II moves. A new random 10% sample was 
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selected (32 sequences and 202 follow-up moves) and independently coded. Interrater 
agreement was 80.2%. After reaching consensus on any disagreements for both 
responsiveness and intellectual work, the primary coder coded the rest of the data. 
Because of the inferential and interpretive nature of this kind of coding, this level of 
agreement is sufficient for readers to have confidence in the usefulness and validity of the 
coding schemes, the consistency of the coding, and the claims that are based on the 
constructs of intellectual work and responsiveness.  
In the following chapter I describe the responsiveness and intellectual work in 
teachers’ follow-up moves and their relationship to student learning based on the results 
of the HLM analysis. 
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Chapter Four: Findings 
A PROFILE OF RESPONSIVENESS AND INTELLECTUAL WORK ACROSS CLASSROOMS 
This chapter presents the results from the analysis of the responsiveness and 
intellectual work in teachers’ follow-up. For each teacher I created a table with frequency 
counts and proportions by category for each variable (e.g., high II, high I, medium, etc. 
for responsiveness). Tables 4.1, 4.2 and 4.3 are examples for one teacher in my data set. 
Although I coded only episodes related to mathematics instruction (disregarding 
management and organizational episodes occurring at the beginning and end of class), 
there were times during whole-class discussion when the topic turned away from 
mathematical content. Quite often students and teachers would engage in conversation to 
clarify instructions, set up problem contexts (e.g., some teachers introduced graphs of 
motion for a bus trip from Abilene to Dallas with map reading exercises or reflection 
about past field trips and/or road trips), orient students to particular features of the 
technology, and make jokes. Therefore, each instance of follow-up was coded into one of 
eleven categories for content/activity. In Table 4.1, we find that 113 of this teacher’s 153 
follow-up moves (approximately 73%) were directly related to mathematics, 5 were 
making a real-life connection by contextualizing a position-time graph, and 15 were 
related to map reading. All entries in this table with the exception of the last row are 
frequency counts for the indicated category. The last row is the proportion of follow-ups 
for each content/activity category with respect to the total number of follow-ups in that 
class.  
Additionally, follow-up was coded into one of four, mutually exclusive categories 
for responsiveness. The second column of Table 4.1 shows that of the 113 follow-up  
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Table 4.1 
Categorization of Teacher Follow-up: Content/Activity Code by Responsiveness 
(Frequency Count) 
Responsiveness Key:  Hi II – stud reasons about stud idea; Hi I – teacher reasons about  
stud idea; Med – teacher idea is focus; Lo – not responsive to stud (evaluation, 
vaguely related stmt or question) 
 
moves focused on math content, 8 reflected high II levels of responsiveness, 19 high I, 48 
medium, and 38 low.  
Table 4.2 combines important subcategories of content/activity and displays the 
distribution of responsiveness within these groups. Because the focus of this study was on 
the learning of mathematics, I chose to analyze follow-up moves pertaining to 
mathematical content. Initially I singled out three categories of content/activity to look at: 
a.) math content, b.) real-life connection – contextualizing and embedding position-time 
graph in real-life stories, and c.) real-life connection – focus on peripheral details of 
stories and real-life scenarios. The second column of numbers in Table 4.2 displays the 
distribution of responsiveness for follow-up coded as math content; column three does 
the same for follow-up coded as math content or making a real-life connection by 
contextualizing into real-life stories; and column four does the same for all three of these 
content categories.  
Respon-
siveness 
Math Real-life: 
embed/con-
textualize 
Real-life: 
periphe-
ral story 
details 
Map 
reading 
Clarify Other Directions Intro/ 
Orient/ 
Set-up 
Total 
Hi II 8 0 0 2 1 1 0 0 12 
Hi I 19 1 0 1 0 2 6 0 29 
Med 48 3 1 2 0 2 1 1 58 
Lo 38 1 0 10 0 0 1 4 54 
Total 113 5 1 15 1 5 8 5 153 
Prop .7338 .0325 .0065 .1039 .0065 .0325 .0519 .0325  
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Table 4.2 
Teacher Profile of Responsiveness (Proportion and Frequency) 
Responsiveness Total: All 
Content 
Math  Math and Real-life: 
Embed/contextualize 
Math, Real-life: 
Embed/cont, & Real-life: 
peripheral story details 
Hi II .0784 (12) .0708 (8) .0678 (8) .0672 (8) 
Hi I .1895 (29) .1681 (19) .1695 (20) .1681 (20) 
Hi Total .2680 (41) .2389 (27) .2373 (28) .2353 (28) 
Med .3791 (58) .4248 (48) .4322 (51) .437 (52) 
Lo .3529 (54) .3363 (38) .3305 (39) .3277 (39) 
Weighted 
Average 
.9935 .9735 .9746 .9748 
Total follow-
up moves 
153 
follow-ups 
113 
follow-ups 
118  
follow-ups 
119  
follow-ups  
 
Though the proportions across the different content/activity categories differ little 
for this teacher, the variation is larger for other teachers. For the rest of the analyses, I 
decided to combine codes for real-life connections by embedding position-time graphs 
into realistic stories and math content and analyze only follow-up moves coded into this 
either of these categories (this is the third column of numbers in Table 4.2). I did not 
include the last category with a focus on story details since these topics are only 
peripherally related to mathematical concepts.  
The third column of Table 4.2 tells us that in this teacher’s classroom, roughly 7% 
of her follow-up (with respect to the total instances of math-related follow-up for that 
lesson) was high II responsive, approximately 17% was high I responsive, and 33% 
reflected low levels of responsiveness. (The first number in the row is the proportion of 
follow-up moves for that category and the number in parentheses is the frequency count.) 
The row entitled “Hi Total” displays the sum of high I and high II follow-up moves. 
Recall from the coding flowchart (see Figure 3.3) that a move falling into the high 
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category has a student’s idea as the focal point; therefore, about 24% of this teacher’s 
follow-up moves were sensitive to student thinking. Also note that the weighted average 
for this teacher is .9746 which means, on average, we expect a follow-up move in her 
class to reflect medium responsiveness (low, medium, high I and high II responsiveness 
were weighted with 0, 1, 2, and 3, respectively). 
Table 4.3 displays a profile for the level of intellectual work in this same teacher’s 
follow-up moves. Notice that the sum of the proportions for the categories of intellectual 
work (sum of the proportions going down a single column) is greater than one. Because 
follow-up moves can fulfill more than one function, it was common for a single instance 
of follow-up to receive multiple codes for intellectual work.9  
Looking down the fourth column in Table 4.3 we see that a little over one quarter 
of this teacher’s 118 math focused follow-up moves are high level (Hi Total) with about 
12% categorized as high give moves and 17% and high demand moves. In addition, she 
provides low-level information (low give) roughly two-thirds of the time. The weighted 
average of .3354 indicates her typical follow-up move demands little intellectually from 
her students. She relies on basic information either requesting or providing it (low-level 
demands and gives both have weights of 0).  
Tables 4.4 and 4.5 consolidate individual teacher data (as seen in Tables 4.1, 4.2 
and 4.3) into a single table for each variable. Table 4.4 displays values for the proportions 
of low, medium, high I, high II, and high total responsiveness, weighted averages, gain 
scores, and summary statistics across classrooms. Table 4.5 does the same for intellectual 
work displaying values for proportions of low and high give moves, low and high 
                                                
9 For example, the statement “Alright, so it [the bus] would have stopped. What does it, what do you think 
it's going to look like on here if the bus did break down?” is a follow-up move that gives and requests 
information (thus, two codes for intellectual work). The first sentence is a low-level give and the second, a 
high-level demand. 
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Table 4.3 
Teacher Profile of Intellectual Work (Proportion and Frequency) 
Intellectual 
Work 
Total: All 
Content 
Math Only Math and Real-life: 
Embed/contextualize 
Math, Real-life: 
Embed/cont, & Real-life: 
peripheral story details 
Dem Hi .1503 (23) .177 (20) .1695 (20) .1681 (20) 
Dem Lo .3987 (61) .4071 (46) .4068 (48) .4034 (48) 
Give Hi .0915 (14) .0885 (10) .1186 (14) .1176 (14) 
Give Lo .7059 (108) .6903 (78) .6695 (79) .6723 (80) 
Hi Tot .2353 (36) .2566 (29) .2797 (33) .2773 (33) 
Dem Tot .5425 (83) .5752 (65) .5678 (67) .563 (67) 
Give Tot .7974 (122) .7788 (88) .7881 (93) .7899 (94) 
Weighted 
Average 
.2913 .3247 .3354 .3333 
Total 
follow-ups  
153  
follow-ups 
113 
follow-ups 
118  
follow-ups  
119  
follow-ups 
 
Intellectual Work Key: Dem Hi – t requests high-level process/action; Dem Lo – t  
requests low-level info/action; Give Hi – t provides high-level info/action;  
Give Lo – t provides low-level info/action; Hi Tot – sum of hi demand and  
hi gives; Dem Tot – sum of low- and high-level demands; Give Tot – sum  
of low- and high-level gives  
 
demand moves, the total proportion of high-level moves, weighted averages, gain scores, 
and summary statistics. 
From these tables we see that high levels of responsiveness (high II proportions) 
occur fairly rarely in some classrooms (lows around 6%) and more frequently in others 
(highs close to 25% of the time). On average, about 80% of the follow-up for classrooms 
in this sample reflected medium or low levels of responsiveness. In other words, the 
focus was on the teacher’s idea 80% of the time and on student ideas 20% of the time. 
Only 13% of follow-up moves, on average, were characterized as highly responsive (high 
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Table 4.4 
Distribution of Responsiveness Across Classrooms 
Teacher 
Id # 
High II High I High 
Tot 
Med Low Weighted 
Average 
Follow-up 
Instances 
Gain 
Score 
T-13611 .229 (22) 
 
.135 (13) .365 (35) .354 (34) .281 (27) 1.313 96 10.25 
T-13813 .140 (12) 
 
.07 (6) .209 (18) .372 (32) .419 (37) .930 86 6.56 
T-14211 .154 (10) 
 
.077 (5) .231 (15) .323 (21) .446 (29) .939 65 6.16 
T-15911 .099 (9) 
 
.077 (7) .176 (16) .396 (36) .429 (39) .846 91 5.63 
T-17911 .159 (13) 
 
.049 (4) .207 (17) .427 (35) .366 (30) 1.00 82 5.62 
T-15011 .133 (12) 
 
.089 (8) .222 (20) .400 (36) .378 (34) .978 90 5.55 
T-15811 .167 (10) 
 
.067 (4) .233 (14) .333 (20) .433 (26) .967 60 5.26 
T-15211 .093 (10) 
 
.102 (11) .194 (21) .278 (30) .528 (57) .759 108 4.43 
T-14911 .138 (11) 
 
.113 (9) .25 (20) .463 (37) .288 (23) 1.100 80 4.42 
T-16711 .068 (8) 
 
.170 (20) .237 (28) .432 (51) .331 (39) .975 118 3.88 
T-13511 .111 (5) 
 
.00 (0) .111 (5) .267 (12) .622 (28) .600 45 3.43 
T-18511 .102 (14) 
 
.029 (4) .131 (18) .482 (66) .387 (53) .847 137 2.82 
T-15513 
 
.067 (10) 
 
.06 (9) .128 (19) .369 (55) .503 (75) .691 149 2.00 
Mean .1276 
 
.0797 .2073 .3766 .4162 .9188 92.85 5.087 
Standard 
Deviation 
.0447 .0441 .0655 .0659 .0961 .181 29.524 2.052 
Range .07, .23 
 
0, .17 .11, .36 .27, .48 .28, .62 .6, 1.313 45, 149 2, 10.3 
Median .1333 .0767 .2093 .3721 .4186 .9385 90 5.26 
 
II) which means that students were rarely given the opportunity to publicly reason about 
their own or other student’s mathematical ideas. 
Additionally, high levels of intellectual work do not occur very frequently: 
roughly one-fourth of the follow-up moves in a typical classroom in this study required 
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Table 4.5 
Distribution of Intellectual Work Across Classrooms 
Teacher 
Id # 
High 
Dem 
High 
Give 
High 
Tot 
Low 
Dem 
Low 
Give 
Weighted 
Average 
Follow-up 
Instances 
Gain 
Score 
T-13611 .268 (26) 
 
.134 (13) .371 (36) .423 (41) .567 (55) .481 97 10.25 
T-13813 .205 (18) 
 
.102 (9) .295 (26) .455 (40) .625 (55) .369 88 6.56 
T-14211 .2 (13) 
 
.169 (11) .339 (22) .277 (18) .646 (42) .441 65 6.16 
T-15911 .187 (17) 
 
.099 (9) .264 (24) .571 (52) .560 (51) .333 91 5.63 
T-17911 .241 (20) 
 
.048 (4) .289 (24) .59 (49) .687 (57) .339 83 5.62 
T-15011 .156 (14) 
 
.111 (10) .267 (24) .411 (37) .656 (59) .317 90 5.55 
T-15811 .246 (15) 
 
.098 (16) .344 (21) .492 (30) .617 (37) .409 61 5.26 
T-15211 .111 (12) 
 
.046 (5) .148 (16) .37 (40) .62 (67) .234 108 4.43 
T-14911 .136 (11) 
 
.124 (10) .259 (21) .531 (43) .58 (47) .288 81 4.42 
T-16711 .167 (20) 
 
.119 (14) .28 (33) .407 (48) .67 (79) .335 118 3.88 
T-13511 .156 (7) 
 
.044 (2) .2 (9) .467 (21) .711 (32) .258 45 3.43 
T-18511 .18 (25) 
 
.043 (6) .216 (30) .482 (67) .612 (85) .306 139 2.82 
T-15513 .081 (12) 
 
.074 (11) .154 (23) .517 (77) .611 (91) .183 149 2.00 
Mean .1796 
 
.0932 .2636 .461 .6278 .3302 93.5 5.087 
Standard 
Deviation 
.0538 .0397 .0691 .085 .0452 .0823 29.593 2.052 
Range .08, .27 
 
.04, .17 .15, .37 .28, .59 .56, .71 .183, .481 45, 149 2, 10.3 
Median .1799 .0989 .2667 .467 .6204 .3333 90 5.26 
 
high levels of intellectual work (Hi Tot column). The proportion of high-level follow-up 
moves (either a give or a demand) varied from a low of 14.8% in one class to a high of 
37.1% in another. Approximately 46% of the time teachers’ follow-up contained a low-
level demand, and 63% of their follow-up moves gave low-level, basic information. Thus 
the majority of reasoning and mathematical work in classrooms consisted of requesting or 
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providing basic skills, facts, and procedures, performing calculations, and learning how 
to use mathematical tools and representations like t-tables, algebraic symbols, and graphs 
in a procedural fashion. 
When comparing the instances of teacher follow-up between Tables 4.4 and 4.5 
there are some discrepancies (see, for example T-13611 or T-13813). In general, each 
follow-up move received three codes – one for content/activity, one for responsiveness, 
and one for intellectual work. However, there were some cases when responsiveness and 
intellectual work existed in service of different activities and content. As an example 
consider the following exchange. 
 
 
Student: The bus was going backwards. 
Teacher: No, no. Don’t tell me, write. Write. Predict means write. Write down  
     what you think. Which one of them do you think got there first? 
 
This instance of follow-up has low responsiveness since the student made a conjecture 
the teacher did not take up. She instead asked him to follow her (previously stated) 
instructions. Consequently this follow-up move was coded as low responsiveness under 
the content/activity category of giving instructions or directions. However, the 
intellectual work reflected in the bold part of her turn of talk was coded as math content. 
Thus this teacher has one less instance of math related follow-up for responsiveness than 
she does for intellectual work.  
THE RELATIONSHIP BETWEEN STUDENT ACHIEVEMENT, RESPONSIVENESS AND 
INTELLECTUAL WORK 
Returning to my research questions, I wondered if and how the variation reflected 
in responsiveness and intellectual work across classrooms was related to student learning. 
To begin investigating this relationship I looked at bivariate correlations between mean 
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gain scores (at the class level) and a variety of measures of responsiveness and 
intellectual work. Table 4.6 shows the correlation matrix. 
The first column of numbers in the correlation matrix shows the correlation 
between the average gain score and various measures of responsiveness and intellectual 
work. These are all large positive correlations. With a correlation of .855 (p<.01), the 
measure of responsiveness with the strongest relationship to student learning is the 
proportion of high II follow-up moves. This is followed closely by the total proportion of 
highly responsive moves (sum of high I and high II). While responsive to students’ ideas, 
high I moves may not encourage students to make sense of the content for themselves  
(because the teachers’ reasoning is on display) or to verbalize their thinking so it becomes 
 
Table 4.6 
Correlation Matrix 
Variables 1 2 3 4 5 6 7 8 9 
1. Average Gain          
2. Responsiveness: 
    Hi II  
.855**         
3. Responsiveness: 
    Weighted Avg 
.767** .745**        
4. Responsiveness:   
    Hi Total 
.841** .742** .932**       
5. Intellectual Work:  
    Hi Dem 
.742** .794** .636* .579*      
6. Intellectual Work:  
    Hi Give 
.539 .407 .613* .677* .284     
7. Intellectual Work:  
    Hi Total 
.777** .787** .783** .758** .873** .698**    
8. Intellectual Work:  
    Wt Avg 
.829** .797** .736** .746** .890** .654* .959**   
9. MKT .135 .193 .510 .416 .263 .575* .465 .468  
* correlation is significant at the .05 level (2-tailed) 
** correlation is significant at the .01 level (2-tailed) 
n=13 
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an object of reflection. Because high II moves explore student thinking so that the 
student’s reasoning and sense making is visible in the classroom talk, I decided to use the 
proportion of high II moves as my measure for responsiveness.  
For intellectual work, the weighted average had the strongest correlation with gain 
scores (r = .829, p<.01). Recall that the weighted average reflects the level of intellectual 
work in a typical follow-up move. Weighted averages close to 0 indicate that the majority 
of follow-ups in a class are low-level (both low-level demands and gives were weighted 
with 0s). Weighted averages closer to 1 reflect more moves in the high-level categories 
(high gives are weighted 1 and high demands are weighted 2). A larger weighted average 
reflects teacher follow-up shifting from low to high levels of intellectual work and from 
giving to requesting information from students.  
The proportion of total high-level moves as well as the proportion of high-level 
demand moves also have strong, positive correlations with the mean gain scores (r = .777 
and r = .742). Somewhat surprisingly, the proportion of high-level gives is only 
moderately correlated with gain scores and not statistically significant. In terms of the 
strength of the relationships, these correlations suggest that asking students to reason and 
think for themselves instead of providing explanations might be more effective 
pedagogically. Given the scarcity of both high-level gives and demands (occurring in 9% 
and 18% of the time in teachers’ follow-up), it is safe to assume more of both kinds of 
discursive moves would benefit students. However, teachers would do well to control the 
urge to explain, instead requiring students to struggle to make sense of and explain the 
mathematics for themselves.  
Additionally, the last row of numbers in the correlation matrix shows that 
Mathematical Knowledge for Teaching (MKT) is not correlated with gain scores or 
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responsiveness (where responsiveness is measured by the proportion of high II moves). 
MKT’s correlations with different measures of intellectual work reveal a weak, positive 
relationship with high-level demands and a strong, positive, statistically significant 
relationship with high-level gives. These data suggest, and perhaps not surprisingly, that 
teachers with more mathematical knowledge are more likely to give information than to 
request it from students. Contrary to typical instructional practices in math classrooms, 
teachers should strive to shift more of the intellectual work to students by incorporating 
high-level demand moves and focusing more on students’ ideas and questions (increasing 
the proportion of high II follow-up moves).  
A GRAPHICAL ANALYSIS OF RESPONSIVENESS AND INTELLECTUAL WORK 
Patterns of Responsiveness 
In addition to correlational analyses, I also generated and analyzed multiple 
graphical representations of the data. Specifically, I used scatter plots to examine the 
relationship between the proportion of high II follow-ups and student learning across 
classrooms (see Figure 4.1). The graph shows a general upward trend suggesting a 
positive relationship between mean gain scores and the proportion of teachers’ follow-up 
reflecting high II levels of responsiveness. Box plots reveal the same pattern at the 
student level (see Figure 4.2). Each “box” in this graph reflects the variation in gain 
scores within a single classroom. The bottom edge of the box is the lower quartile (25th 
percentile), the top edge the upper quartile (75th percentile), and the thick horizontal line 
is the median. The length of the box and placement of the median are indicators of 
dispersion and skewness. Additionally, the graph is arranged so that the boxplots increase 
in responsiveness moving horizontally from left to right. (Each class’s responsiveness  
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Figure 4.1. Scatter Plot of Mean Gain Score for Teacher by Proportion of High II 
Responsiveness 
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Figure 4.2. Box Plot of Student Gain Scores by Level of High II Responsiveness in 
Classrooms 
x=.128 
r = .855, n=13, p<.01 
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and number of students are on the x-axis.) The upward orientation of the boxplots reflects 
a positive relationship between responsiveness and gain scores. 
Patterns of Intellectual Work  
Similar to the graphical analysis for responsiveness, I explored the nature of the 
relationship between different levels of intellectual work in teacher follow-up moves and 
student learning. Initially, I used scatter plots to examine the relationship between the 
proportion of high-level follow-up moves (both demand and gives) and class’s mean gain 
scores. Figure 4.3 displays this scatter plot. Aggregating data at the teacher level, the 
scatter plot reveals a strong, positive relationship between mean gain scores and the 
proportion of teachers’ follow-up categorized as high-level.  
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Figure 4.3. Scatter Plot of Mean Gain Score for Teacher by Proportion of High-level 
Moves (Demand and Give)  
x=.264 
 
 
r = .777, n=13, p=.002 
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The same pattern occurs using the weighted average for intellectual work (see 
Figure 4.4). Although slightly harder to interpret, the weighted average accounts for both 
high-level give and demand moves, but gives precedence to demand moves (instead of 
providing equal “weights” as the proportions do). It is a summary of the distribution of 
intellectual work across all categories accounting for the frequency and quality of follow- 
up. Because of these reasons and the fact that the weighted average has a stronger 
correlation with gain scores than any other measure of intellectual work, I selected it for 
the following HLM analyses. 
 
 
Intellectual Work: Weighted Average
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Figure 4.4. Scatter Plot of Mean Gain Score for Teacher by Weighted Average for 
Intellectual Work 
x=.330 
 
r = .829, n=13, p<.01 
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At the student level, box plots show the same relationship between student 
achievement gains and the level of intellectual work (as measured by the weighted 
average) present in a classroom’s discourse (see Figure 4.5). 
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Figure 4.5. Box Plot of Student Gain Scores by Intellectual Work Weighted Averages in 
Classrooms 
These data suggest that both intellectual work and responsiveness are discursive 
mechanisms that are positively related to students’ learning of rate and proportionality. In 
addition, these classroom level variables can potentially explain variation in mean 
achievement scores across classrooms as well as how the influence of prior knowledge 
(as measured by a pre-test) on learning differs across classes. The findings from these 
preliminary analyses motivated further investigation with hierarchical linear modeling in 
order to better understand and determine the robustness of these relationships. 
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HIERARCHICAL LINEAR MODEL ANALYSES AND RESULTS 
Based on scatter plots and correlations it is reasonable to anticipate that student 
achievement is influenced by the social context he or she learns in (class-specific 
variables). As I have argued, different classroom environments afford different 
opportunities to engage in mathematical reasoning via routines in discourse. My question, 
then, is whether the responsiveness and intellectual work in teachers’ follow-up is related 
to differences in class mean achievement scores. A positive relationship would indicate 
that a classroom environment more responsive to student ideas and requiring high levels 
of cognitive activity is more effective for improving mathematics achievement. 
Additionally, assuming that within-class variation in post-tests is related to a student’s 
pre-test score, I can determine whether responsiveness or intellectual work systematically 
explains variation in pre-post achievement slopes across classrooms.  
HLM Results for Responsiveness 
To begin, I created the level one (or student-level) model which defines a 
student’s post-test achievement score as a function of her class’s overall mean, an 
adjustment based on her pretest (the pre-post achievement slope), and an error term (see 
Figure 4.6 and the discussion in Chapter 3).10 The regression coefficients in the level one 
equation 
! 
"
0 j 's  and  "1 j 's( )  are class-specific, derived from data at the student level, and 
differ across classrooms. Each class has unique values for 
! 
"
0 j  and 
! 
"
1 j , and they are 
treated as dependent variables at the class level (see level two equations in Figure 4.6). 
Further, measures of classroom discourse (Rj and Ij) are included in level two equations 
as predictors or explanatory variables. This allows me to determine if classroom level 
variables explain variation in the regression coefficients 
! 
"
0 j 's  and  "1 j 's( ) . As 
                                                
10 Note that I entered variables centered around their group means so that regression coefficients were 
easily interpreted. 
 113 
Level one:   
! 
yij = "0 j + "1 j xij # x • j( ) + rij   where   rij ~ N 0,$ 2( )  
Level two: 
! 
"
0 j = # 00 + # 01 R j $ R ••( ) + u0 j  where  u0 j ~ N 0,% 00( )
"
1 j = #10 + #11 R j $ R ••( ) + u1 j  where  u1 j ~ N 0,%11( )
 
 
and, 
! 
xij  is  pre " test  score  for  student  i  in  class  j
x • j  is  pre " test  mean  for  class  j
R j  is  responsiveness  value  for  class  j
R ••  is  the  grand  mean  for  responsiveness
 
Figure 4.6. Fully Conditional Model (Using Responsiveness as a Level Two Predictor) 
 
mentioned earlier, there are 13 sets of level-one regression coefficients – each class has a 
unique post-test achievement mean (
! 
"
0 j ) and a unique within-group effect of prior 
knowledge (the pre-post achievement slope, 
! 
"
1 j ). The error terms in level two equations, 
! 
u
0 j  and  u1 j , measure random variation and are used to determine the extent to which 
variation in class achievement means and achievement slopes is accounted for with 
explanatory variables (responsiveness in this model).  
Before entering the fully conditional HLM model specified in Figure 4.6, I 
determined if the variation in achievement means (
! 
"
0 j 's ) and achievement slopes (
! 
"
1 j 's) 
was large enough (i.e., significantly different than 0) to warrant using a model with 
classroom-level predictors. In other words, are there unique, class-specific effects (levels 
of responsiveness in discourse is the effect I am testing) on mean achievement levels and 
pre-post achievement slopes? Because 
! 
ˆ "
00
 and 
! 
ˆ "
11
 are estimates of the variance for 
! 
"
0 j  
and 
! 
"
1 j , I tested the two hypotheses, 
! 
"
00
= 0, and  "
11
= 0  in the unconditional and 
random-coefficients model (neither had predictor variables at level two). In these models, 
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the values for 
! 
ˆ "
00
 (using the unconditional model) and 
! 
ˆ " 
11
 (using the random coefficients 
model) were 8.9 and .0507 (
! 
" 2=200, p<.001 and 
! 
" 2=15.8, p=.202). I rejected the first 
null hypotheses and determined there was significant variation in achievement means to 
add explanatory variables at the class level. A p-value of .2 for 
! 
ˆ " 
11
 indicated there was 
marginal variation in achievement slopes across classes. Consequently, I knew there 
might not be sufficient variation in achievement slopes to determine which, if any, 
classroom level factors explained the effect pre-test scores had on achievement. The 
parameter estimates for the HLM model specified in Figure 4.6 are displayed in Table 
4.7. 
 
Table 4.7 
Estimated Effects of Responsiveness on Mathematics Achievement  
Fixed Effect Coefficient s.e. t-ratio p-value 
Class Mean Achievement     
          Base (intercept), 
! 
"
00
 10.97 .651 16.84 <.001 
          Responsiveness in discourse, 
! 
"
01
 48.06 15.303 3.14 .01 
Pre-post Achievement Slope     
          Base (intercept), 
! 
"
10
 .6918 .0857 8.069 <.001 
          Responsiveness in discourse, 
! 
"
11
 -2.9278 2.104 -1.392 .192 
     
Random Effect Variance 
Component 
df 
! 
" 2 p-value 
Class Mean Achievement, 
! 
u
0 j  5.0734 11 152.59 <.001 
Pre-post Achievement Slope, 
! 
u
1 j  .0369 11 14.499 .206 
Level-1 Effect, 
! 
rij  7.2655    
 
The overall grand mean for the post-test scores is almost 11 points out of 18 
possible points (
! 
ˆ "
00
=10.97, t =16.84, p < .001). The corresponding 95% confidence 
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interval is (6.556, 15.38). The fact that 
! 
ˆ "
00
 is statistically significant means the post-test 
score is not zero, and, therefore, students have learned some mathematics. The coefficient 
of interest is 
! 
"
01
 – the group-level (or level two) responsiveness slope (see Figure 4.6). 
This estimate reveals that the proportion of highly responsive moves (Rj’s) is positively 
related to variation in classes’ average post-test scores (
! 
ˆ "
01
= 48.06, t = 3.14, p = .01). 
The parameter estimate 
! 
ˆ "
01
 captures how much the class post-test mean changes with a 
one unit increase in responsiveness. Because the measure of responsiveness is a 
proportion, a one unit increase is untenable. Adjusting the responsiveness ratio to an 
interpretable scale, we find that an increase of 10% in highly responsive moves (e.g., a 
teacher who follows-up 22% of the time with a high II move instead of 12% of the time) 
corresponds to an increase of 4.81 points in the overall class post-test score (out of 18 
points). This positive, statistically significant relationship suggests that teachers who 
elicit student thinking improve their class’s overall learning of mathematics. Also, the 
proportion of variance explained in class’s mean post-test scores (
! 
"
0 j 's ) by including 
responsiveness is approximately 44%.  
In some classrooms pre-test scores are stronger determinants of achievement than 
others. The last Level two equation in the fully conditional model reveals how 
responsiveness impacts pre-post achievement slopes. In other words, does Rj explain 
variation in the 
! 
"
1 j 's? The overall grand mean for the pre-post achievement slope is 
.6918 (
! 
ˆ "
10
= .6918, t = 8.069, p < .001), and the 95% confidence interval is (.3155, 
1.068). This means that a one point change in the pre-test score (an additional item 
correct on the pre-test) corresponds to an increase on the post-test of .6918 points. Again, 
the statistical significance of 
! 
ˆ " 
10
 means we can reject the null hypothesis that the pre-post 
achievement slope is 0 (which would mean the pre-test had no predictive value for post-
test performance). Some researchers claim that more equitable classrooms are those in 
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which the pre-post achievement slope is closer to 0. In other words, all students achieve 
equally regardless of their prior knowledge. I will explore this conjecture with respect to 
the data a bit later. 
The estimate of 
! 
"
11
 reveals the proportion of highly responsive moves (Rj’s) is 
negatively related to variation in classes’ pre-post achievement slopes (but not 
statistically significant). We have 
! 
ˆ "
11
= #2.9278, t = #1.392, p = .192. This can be 
interpreted as meaning that an increase of 10% in highly responsive moves corresponds 
to a decrease in the classes’ pre-post achievement slope of .29. In other words, this model 
predicts that a class with a proportion of high II moves .1 (10%) above the grand mean 
would have an associated pre-post achievement slope of .4 (.69 – .29).  
By including responsiveness as a predictor variable at the classroom level, we 
explain 27% of the variance in class achievement slopes. Recall that the initial estimate 
of the variance of 
! 
"
1 j 's in the random coefficients model suggested lower levels of 
variation (we failed to reject 
! 
H
0
:  "
11
= 0). Thus it is not surprising that 
! 
ˆ "
11
 is not 
statistically significant, and is encouraging that responsiveness was able to explain 
roughly one-fourth of the variance in slopes across classrooms. Since the estimate of the 
mean achievement slope is close to 0 (.69) and 
! 
"
11
 is negative, then classrooms that 
incorporate more responsive moves create environments where student learning is less 
influenced by formalized prior knowledge and where all students achieve similarly (in 
terms of post-test scores).  
When considering the relationship between the level-one regression coefficients, 
we find 
! 
"
01
 (the covariance between the error terms 
! 
u
0 j  and 
! 
u
1 j) has a value of -.4309 
indicating a negative relationship between the mean achievement and pre-post 
achievement slopes at the class level. That is, the higher the class post-test average (the 
larger the 
! 
"
0 j 's ), the smaller the pre-post achievement slope (
! 
"
1 j 's). This relationship is 
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also reflected with a scatter plot of the ordered pairs 
! 
"
0 j ,"1 j( ) generated for each class. 
To do this I found the equation of the best-fit line (predicting student post-test scores 
from pre-test scores) for each of the 13 classrooms (without group centering using class 
pre-test means). This yielded a y-intercept and slope for each class that I plotted as 
ordered pairs in Figure 4.7. 
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Figure 4.7. Scatter Plot of Level One Regression Equation Coefficients (Mean Post-test 
Score vs. Pre-post Achievement Slope) 
 
The downward trend indicates that classrooms with a higher average post-test 
score had smaller achievement slopes; student learning in these classrooms was less 
influenced by prior knowledge  (i.e., pre-test scores did not have as large of an effect on 
students’ learning during the unit). One possible explanation of this result is a ceiling 
r = -.877, p<.001 
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effect; however, the highest average pretest score for any class was 9.00 points/problems 
(out of 18 possible) with the average pretest score across all classes being 5.877 points 
(s=2.28). A “ceiling” effect is unlikely. Regardless, in this sample classrooms with higher 
average post-test scores were also less influenced by students’ prior knowledge. Perhaps 
the SimCalc technology and curriculum utilizes an approach to learning and teaching 
rate/proportionality that is less dependent on formal knowledge and leverages the 
informal, intuitive knowledge children bring with them (Carpenter et al. 1999; diSessa, 
1993; Kaput & Roschelle, 1996; Nemirovsky, Kaput & Roschelle, 1998; Saxe, 1988).  
HLM Results for Intellectual Work 
To determine the relationship between intellectual work and student learning I 
used a two level HLM with intellectual work (the weighted average) as a predictor at the 
class level and individual student pre-test scores as a level one predictor. Notice the level 
one equation remains the same as in the fully conditional HLM model for responsiveness 
(compare Figures 4.6 and 4.8). 
 
 
Level one:   
! 
yij = "0 j + "1 j xij # x • j( ) + rij   where   rij ~ N 0,$ 2( )  
Level two: 
! 
"
0 j = # 00 + # 01 I j $ I ••( ) + u0 j  where  u0 j ~ N 0,% 00( )
"
1 j = #10 + #11 I j $ I ••( ) + u1 j  where  u1 j ~ N 0,%11( )
 
 
and, 
! 
xij  is  pre " test  score  for  student  i  in  class  j
x • j  is  pre " test  mean  for  class  j
I j  is  Intellecutal  work  value  for  class  j
I ••  is  the  grand  mean  for  Intellectual  work
 
Figure 4.8. Fully Conditional Model (Using Intellectual Work as a Level Two Predictor) 
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Recall that the variation in the 
! 
"
0 j 's  and  "1 j 's was sufficient to warrant 
including class-level predictors for class means (rejection of 
! 
H
0
:  "
00
= 0 ) and only 
marginally large enough for class slopes (failed to reject 
! 
H
0
:  "
11
= 0, p=.2). At this point 
I proceeded to specify the fully conditional model detailed in Figure 4.8. The parameter 
estimates and key results from this model are in Table 4.8. 
 
Table 4.8 
Estimated Effects of Intellectual Work on Mathematics Achievement  
Fixed Effect Coefficient s.e. t-ratio p-value 
Class Mean Achievement     
          Base (intercept), 
! 
"
00
 10.97 .775 14.161 <.001 
          Intellectual work in discourse, 
! 
"
01
 18.75 9.78 1.916 .081 
Pre-post Achievement Slope     
          Base (intercept), 
! 
"
10
 .6893 .0858 8.032 <.001 
          Intellectual work in discourse, 
! 
"
11
 -1.5841 1.1051 -1.433 .180 
     
Random Effect Variance 
Component 
df 
! 
" 2 p-value 
Class Mean Achievement, 
! 
u
0 j  7.367 11 211.88 <.001 
Pre-post Achievement Slope, 
! 
u
1 j  .0391 11 15.02 .181 
Level-1 Effect, 
! 
rij  7.2724    
 
Briefly, the results from this analysis show that higher levels of intellectual work 
(
! 
I j 's) are positively related to variation in classes’ average post-test scores (
! 
ˆ "
01
=18.75 is 
not quite statistically significant, p=.081) and negatively related to their pre-post 
achievement slopes (
! 
ˆ "
11
= #1.58 , p=.18). For an increase of one standard deviation in 
intellectual work (s=.0823), there is a corresponding increase of 1.54 points 
(
! 
.0823 "18.75) in the overall class post-test score. An increase of 1.54 points is one-half 
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of a standard deviation increase in mean post-test achievement scores. Thus increasing 
the intellectual work by .08 in a classroom predicts as half of a standard deviation 
increase in the mean achievement score. Additionally, that same increase in intellectual 
work (.08 weighted average “units”) corresponds to a decrease in achievement slope of 
.13. In other words, in classrooms that require more intellectual work from their students, 
the pre-test “effect” is smaller; it is not as large of a determinant of individual post-test 
scores. To illustrate, this model predicts that a class with levels of intellectual work a 
standard deviation above the grand mean would have an associated pre-post achievement 
slope of .5593 = .6893 (
! 
"
10
) – .13. Similarly, a class with an intellectual work value one 
standard deviation below the grand mean is predicted to have an achievement slope of 
.8193 = .6893 (
! 
"
10
) + .13.   
The discursive variable of intellectual work explains approximately 23% of 
variance in mean post-test averages (across classrooms) and roughly 19% of the variance 
in pre-post achievement slopes. By way of comparison, the respective proportions of 
variance explained for responsiveness were 44% and 27%. 
HLM Results for the Combined Model 
The next step in my analysis was to create a combined model, including both 
responsiveness and intellectual work in a single HLM model (see Figure 4.9). However, 
when I did this analysis neither was statistically significant as a classroom-level 
explanatory variable. The results and estimates of the regression coefficients are in Table 
4.9. The only significant effects are that mean achievement and mean pre-post slopes are 
not zero. Also observe that the estimate for 
! 
"
02
, is close to statistical significance with a 
p-value of .061.  
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Level one:   
! 
yij = "0 j + "1 j xij # x • j( ) + rij   where   rij ~ N 0,$ 2( )  
Level two: 
! 
"
0 j = # 00 + # 01 I j $ I ••( ) + # 02 R j $ R ••( ) + u0 j  where  u0 j ~ N 0,% 00( )
"
1 j = #10 + #11 I j $ I ••( ) + #12 R j $ R ••( ) + u1 j  where  u1 j ~ N 0,%11( )
 
 
and, 
! 
xij  is  pre " test  score  for  student  i  in  class  j
x • j  is  pre " test  mean  for  class  j
I j  is  Intellecutal  work  value  for  class  j
I ••  is  the  grand  mean  for  Intellectual  work
R j  is  responsiveness  value  for  class  j
R ••  is  the  grand  mean  for  responsiveness
 
Figure 4.9. Fully Conditional Combined Model (Using Intellectual Work and 
Responsiveness as Level Two Predictors) 
Table 4.9 
Estimated Effects of Intellectual Work and Responsiveness on Mathematics Achievement  
Fixed Effect Coefficient s.e. t-ratio p-value 
Class Mean Achievement     
          Base (intercept), 
! 
"
00
 10.96 .678 16.162 <.001 
          Intellectual work in discourse, 
! 
"
01
 -5.176 14.26 -.363 .724 
          Responsiveness in discourse, 
! 
"
02
 55.919 26.53 2.107 .061 
Pre-post Achievement Slope     
          Base (intercept), 
! 
"
10
 .6793 .0933 7.278 <.001 
          Intellectual work in discourse, 
! 
"
11
 -1.2591 1.983 -.635 .539 
          Responsiveness in discourse, 
! 
"
12
 -1.004 3.801 -.264 .797 
     
Random Effect Variance 
Component 
df 
! 
" 2 p-value 
Class Mean Achievement, 
! 
u
0 j  5.536 10 151.11 <.001 
Pre-post Achievement Slope, 
! 
u
1 j  .0511 10 14.72 .142 
Level-1 Effect, 
! 
rij  7.256    
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Although responsiveness and intellectual work are theoretically independent 
features of classroom discourse, in this sample the two are highly correlated. They do not 
appear to be statistically independent. In fact, the correlation between the two is .797 
(p<.01) which is reflected in the strong positive trend in the scatter plot in Figure 4.10. 
The multicollinearity of the predictor variables is most likely why the combined model 
has no significant classroom-level predictors. 
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Figure 4.10. Scatter Plot of Intellectual Work and Responsiveness at the Class Level 
 
Frequency counts of the number of high demand, low demand, and high II follow-
up moves showed that despite the statistical relationship between responsiveness and 
intellectual work they do not, in fact, measure the same underlying construct but different 
features of discourse. Consider the following information. There are 239 follow-up 
 123 
moves in the data set coded as high demands, 128 as high gives, and 204 as reflecting 
high II responsiveness. Eighty-five follow-up moves are coded as both a high level 
demand and as having high II responsiveness; similarly, 22 follow-ups are highly 
responsive, high-level gives. In looking at the overlap of these categorizations I found 
that roughly one-third of high-level demand moves are also highly responsive (85 out of 
239), and approximately 17% of the high-level give moves are highly responsive (22 out 
of 128). The corresponding percentages for responsiveness show that 42% of high II 
moves are high-level demands (85 out of 204) and 11% are high-level gives (22 out of 
204).  
Additionally, collapsing the categories of high-level demands and gives into a 
single category of high-level follow-up yields 356 total instances of high-level moves 
(239 demands and 128 gives less their intersection of 11). There were 105 moves with 
high II responsiveness that were coded as either a high-level give or a high-level demand. 
Thus, half of all high II moves were also high-level (105 out of 204) and about 30% of all 
high-level moves were also highly responsive (105 out of 356). These percentages 
provide good evidence that the two discursive constructs of responsiveness and 
intellectual work are theoretically independent. Consequently, I decided to report results 
from the two separate HLM analyses in this chapter. In the last chapter I will discuss the 
implications and limitations of this study and possible future directions. 
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Chapter Five: Conclusions and Recommendations 
RESEARCH QUESTIONS AND CONCLUSIONS 
By way of review, the research questions guiding my investigation were:  
1. What are the general patterns of teacher follow-up moves?  
2. How can I quantify and measure patterns in responsiveness and intellectual work 
in a meaningful and reliable way?  
3. What is the relationship between the responsiveness of teacher follow-up moves 
in a curricular unit on rate and proportionality and 7th graders learning of 
mathematics as measured by a validated pre-and post-test?  
4. What is the relationship between the level of intellectual work in teacher follow-
up moves in a curricular unit on rate and proportionality and 7th graders learning 
of mathematics as measured by a validated pre-and post-test? 
In response to my research questions and based on the findings from the analyses 
reported in chapter 4, I draw the following conclusions.  
1. Through an analysis of the data and an extensive review of the literature, I 
identified and characterized meaningful patterns in teachers’ follow-up focusing 
specifically on the constructs of intellectual work and responsiveness.  
2. Based on variation in patterns of intellectual work and responsiveness across 
teachers, I developed coding schemes to measure and quantify these discursive 
constructs. This was an iterative process of continuous refinement ending by 
establishing reliability (80.2% and x% interrater agreement) with an outside, 
independent secondary coder.  
3. Correlational analyses and hierarchical linear modeling (HLM) revealed a 
statistically significant positive relationship between the responsiveness of 
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teachers’ follow-up and student learning of rate and proportionality. Specifically, 
the HLM model predicts a 25% increase in a class’s mean post-test score (an 
increase of 4.5 points out of 18 total, p=.01) with an corresponding increase of 
10% in highly responsive follow-up moves. Additionally, classroom communities 
with higher levels of responsiveness moderate the effect of prior knowledge on 
student learning – an increase of 10% in highly responsive moves corresponds to 
a decrease in the class’s pre-post achievement slope of .29 (p=.192, not 
significant). Responsiveness “levels the playing field” in some sense by 
decreasing the degree to which pretest scores predict students’ post-test 
achievement (via a decrease in the within-class achievement slope).  
4. Similar to conclusion three, classrooms with high levels of intellectual work are 
positively related to student achievement. The results from the HLM analysis 
predict an increase of roughly 2 points in a class’s average post-test score 
(p=.081, not significant) with a corresponding increase of 10% in intellectual 
work. In addition, this 10% increase in intellectual work also corresponds to a 
decrease of .16 in class’s pre-post achievement slope (p=.18, not significant).  
5. Based on conclusions three and four, classroom discourse and normative 
interaction patterns can guide and influence student learning in ways that improve 
achievement. There is tremendous and often unrealized power in the ways 
teachers talk with their students. 
6. The instructional practices of the teachers in this sample seemed to be typical of 
most middle school mathematics classrooms. Therefore, the low levels of 
responsiveness and intellectual work observed (occurring in 13% and 26% of 
follow-up moves) are likely present in other classrooms. This motivates questions 
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of why these discursive features are relatively rare in seemingly typical 
classrooms and leads us to re-examine our tacit models of teaching.  
As with any observational, correlation-based study, causation cannot be assumed; 
therefore, it is important to consider questions of directionality as well as potential 
confounding variables in this study. A possible alternative interpretation of these data is 
in contrast to my claim that discursive routines act as a causative agent in affecting 
student learning. Reversing directionality leads to a more jaded theory of teacher-student 
interaction that posits a class’s mean post-test score (which ultimately acts as a reflection 
of teacher expectations) influences or predicts the levels of responsiveness and 
intellectual work present in classroom discourse.11 In many respects this alternative 
argument is similar to the concept of a self-fulfilling prophecy, first popularized in the 
late 1960’s by Rosenthal and Jacobson. They coined the term “Pygmalion effect” to 
describe the idea that students will raise or lower their level of achievement depending on 
the teacher’s beliefs about them and their resultant expectations (Rosenthal and Jacobson, 
1968).  
For example, a teacher might reason that her “smart class” is more capable of 
engaging in mathematical thinking and will generate more ideas consistent with critical 
math content than her “dumb class.” Thus she is more responsive to student thinking and 
demands more from her students in the “smart class” because she expects them to be 
capable of more. Moreover, the “smart class” earned that label precisely because they had 
a higher average pre-test score (and would therefore be more likely to have a higher post-
test score). This “jaded theory” explains the observed positive relationship between 
higher levels of responsiveness and intellectual work and student learning by the fact that 
smarter students receive better instruction because they are perceived as being more 
                                                
11 I would like to acknowledge Walter Stroup as the first to identify this alternative hypothesis. 
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capable. Although data in this study indicates this explanation is not likely (scatter plots 
of intellectual work and mean pre-test scores and responsiveness and mean pre-test scores 
revealed no clear pattern with correlations of -.071 and .01 respectively), additional 
analyses and more data would be needed to satisfactorily answer the question of 
directionality.  
RECOMMENDATIONS 
Following are recommendations for pre-service and in-service teachers, 
researchers, university faculty, and policymakers (though these recommendations extend 
to other stakeholders in our educational system as well). The underlying and primary 
recommendation is for teachers to develop responsive, intellectually demanding 
discursive patterns in their classrooms. Because teachers are the primary change agents in 
classrooms, the majority of the recommendations and implications are concerned with 
ways we can support and encourage change in teachers’ instructional practices. 
We often resist change because it can be hard, frustrating, cause anxiety, and 
disrupt familiar patterns. The first step in change is motivating it. Consequently, my first 
recommendation is that teachers need to be aware of the role discourse plays in student 
learning. What teachers say and how they say it, repeatedly, over time, has a large 
influence on what students learn. Not only does classroom discourse influence student 
achievement, it also mediates the formation of mathematics identities, dispositions, and 
confidence. However, knowledge of the theoretical power of discourse removed from the 
reality of classroom life is not useful. The classroom is the place where theory is applied 
and understood. Teachers must use this knowledge as a lens through which to view their 
own classrooms and reflect on their ways of talking to students. One implication of this 
research, then, is that teachers need to be aware of their own classroom-specific discourse 
patterns and the resultant influence on student learning. 
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Second, the larger educational community needs to provide appropriate support to 
help teachers change classroom practice and incorporate higher levels of intellectual 
work and responsiveness in their discourse. Because ingrained habits are hard to change, 
incorporating these discourse practices is not easy. Though this kind of teaching seems 
free-flowing and spontaneous, it demands much more from teachers, especially in terms 
of planning. Creating responsive communities with high levels of intellectual work 
requires selecting challenging and appropriate tasks, thinking through activities and 
student strategies ahead of time, and determining specific questions that will elicit and 
guide the invention of the algorithm for double-digit multiplication, for instance. 
Moreover, the spontaneous nature of discourse ensures there is never a single best way to 
respond to students, but a set of multiple possibilities. Teachers have the freedom to use 
responsiveness and intellectual work in a variety of ways, with varying levels of control 
and with different purposes in mind. Thus, there is no one “right” model since it looks 
different in each teacher’s classrooms and with different groups of students. The key is 
for teachers to continually grow, refine, reflect and change – becoming a student of their 
students. This is a process that continues throughout a career.  
Support for changing practice comes in a variety of ways and from a variety of 
people. Resources include money, time, expertise, a supportive community, 
administrative support, collaboration and positive models. To effectively incorporate 
responsiveness and intellectual work, teachers need to know how to listen, what to listen 
for, how to set appropriate content goals, and how to skillfully co-construct classroom 
dialogue. This involves learning how to support and build on student contributions (with 
a curricular goal in mind), when to scaffold and provide guidance and when to step up the 
intellectual work, how to establish equitable discourse patterns where all have 
opportunities to contribute and participate, and how to position children as doers of 
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mathematics with wonderful ideas. Altogether this sounds overwhelming. The key is not 
to oversimplify and reduce the complexity of what we are asking teachers to do, but to 
provide multiple access points for change. This might be providing opportunities to 
interview individual students while solving a math problem, focusing on interacting with 
one student during seat work, counting to 10 after posing questions during whole-class 
discussion to consciously increase wait time, or incorporating one new question such as, 
“How did you solve that?” as a follow-up to student-generated answers. The important 
thing is to start somewhere.  
Responsiveness and intellectual work are general pedagogical principles that can 
be applied in history classrooms as well as math classrooms. However, they are not 
content free – highly responsive discourse might look different in a world history 
classroom than in a high school chemistry lab. Therefore, my third recommendation 
addresses how to integrate responsiveness and intellectual work with content. Simply 
telling teachers to be more responsive and demand more intellectually does not mean 
they know what aspects of the content are problematic and challenging or what ideas they 
need to draw out and emphasize. Using discourse skillfully as a tool to promote 
conceptual understanding requires content knowledge as well as knowledge of children’s 
mathematical thinking. For example, solving the problem 28+37 involves low intellectual 
work for an 11th grader and high intellectual work for a 2nd grader. Responsiveness and 
intellectual work must be balanced by curriculum goals, developmental appropriateness, 
and knowledge of individual students (e.g., frustration levels). For responsiveness and 
intellectual work to combine in the most synergistic way, teachers need to know which 
ideas to pursue (not all student ideas are equally good), be able to recognize the kernel of 
a core mathematics idea in a partially developed or poorly articulated student strategy, 
appropriately highlight and draw attention to that big idea, know when to push for further 
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explanations and justification, how to challenge students’ thinking with appropriate and 
timely examples and counterexamples, and have the restraint to leave some things 
problematic for students. 
Dewey, in describing the tensions between attending to the child’s interests, 
motivations, and ideas and the demands of the curriculum critiques the typical mode of 
instruction in most mathematics classrooms. Subject matter, when arranged most 
logically and presented in a pre-packaged, sequential, unproblematic manner, loses much 
of what made it worthy of inquiry in the first place. He says, “The really thought-
provoking character [of the subject] is obscured, and the organizing function disappears 
… the child’s reasoning powers, the faculty of abstraction and generalization, are not 
adequately developed” (1902, p.119). The mathematician Jerry King echoes these 
sentiments. Reflecting on his school mathematics experiences, King speaks of telling, 
which he claims is less than teaching. He quotes the artist Robert Henri who says of 
telling, “ ‘Low art is just telling things; as, There is the night. High art gives the feel of 
the night.’ My early teachers taught mathematics as low art. They gave no feel for the 
subject” (1992, p.277). Perhaps an increased focus on student thinking and reasoning in 
service of understanding substantive mathematics will lead more students toward 
experiencing mathematics as “high art”.  
A fourth recommendation for teachers attempting to create responsive classrooms 
with high levels of intellectual work is balance. Though this research demonstrates that 
responsiveness and intellectual work have positive impacts on students’ learning of 
mathematics, there can come a point when repeatedly asking students to generate 
information or following a students’ idea indefinitely is unproductive. After all, it is not 
expected students reinvent the entirety of mathematics, and asking them to continually 
operate at the limit of their ZPDs can be frustrating and inefficient. There are times when 
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the teacher is obligated, as the more knowledgeable other, to give information, guide 
instruction, and make evaluations.  
One assumption of the HLM models is an underlying linear relationship between 
learning outcomes and classroom level predictors. In other words, if 40% of a class’s 
follow-up moves are classified as highly responsive, the model predicts increasing that 
percentage to 80% will correspondingly double achievement. In reality, this is probably 
not the case. Imagine a second grade classroom where the majority of follow-up was 
highly responsive. If the teacher followed student thinking to an extreme, then the class 
might never learn the finer points of double-digit subtraction, instead opting to discuss 
Hannah Montana and Pokemon. Certainly teachers need to be sensitive to intellectual 
work and responsiveness in their classrooms but should rely on professional judgment 
and experience in implementing them while avoiding inordinately emphasizing either. 
Additionally, these findings have implications for the design of teacher 
preparation programs. In particular, we need to rethink the roles of and relative 
importance of content and pedagogy in teacher education. Currently, degree plans and 
required coursework assumes that content should take precedence over pedagogy (at least 
in secondary preservice programs), but content not tied to pedagogy is ineffective. 
Similarly, pedagogy without content makes little sense. The key is not to isolate the two, 
but to simultaneously build mathematical knowledge while preparing teachers. Franke et 
al.’s (2001) study of teachers participating in the CGI professional development four 
years after completion of the project showed that generative learning occurred when 
teachers continued to learn about teaching (which for them was linked to student 
thinking) and the mathematical content; integration was critical. Our preservice programs 
should prepare students to continue their learning and development as professionals. 
When a first-year 2nd grade teacher is asked to teach about probability, she may have 
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never considered what that might look like in her classroom, nor covered that in her 
methods coursework. We want her to be able to identify the foundational mathematical 
ideas and goals for her students with respect to probability, to find out what is 
developmentally appropriate and understand how student thinking develops, to design 
and assess tasks that address substantive mathematics and promote high levels of 
intellectual work, and to be prepared to facilitate rich classroom discussion that takes up 
and builds on student thinking. Her success in doing this is largely a function of how well 
her preservice program has integrated mathematics content with the activities of teaching, 
providing models for how this is done in everyday classroom life.  
Preservice programs also have a unique opportunity to provoke reflection on and 
perhaps change ingrained models of teaching mathematics. One common view of 
mathematics is that it is to be endured, not necessarily understood. Because mathematics 
is for the intellectual elite, as teachers we do not usually expect students to have 
wonderful mathematical ideas and to engage with concepts we ourselves may have 
rudimentary understanding of. The notion of placing responsibility on students not only 
to understand, but to invent mathematical processes and strategies often runs counter to 
our experiences and beliefs. If this is the model we use to enact the practice of teaching 
mathematics, it is not surprising to find relatively low proportions of interactions that 
focus on children’s ideas (21%), that ask students to reason about their own thinking 
(12%), or that demand high levels of intellectual work (18%). Thus, our preservice 
programs have the responsibility of challenging these inaccurate views emphasizing 
instead the importance of struggle, mistakes, clear communication, and student ideas. But 
new ideas and beliefs can be fragile, especially when trying something unfamiliar and 
challenging. Therefore it is important to provide good models of teachers who 
thoughtfully incorporate responsiveness and intellectual work in their classrooms. This 
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applies to faculty members as they teach preservice courses and extends to the selection 
of cooperating, mentor teachers in whose classrooms we place our students. 
Though this study shows classroom discourse is an important factor in student 
learning, it raises more questions than it answers. My fifth recommendation is to continue 
research along similar lines – research that uses larger and more variable samples, 
includes additional student data, further refines the coding schemes I proposed, continues 
to investigate responsiveness and intellectual work (as well as identify new discursive 
patterns), and addresses issues of equity and how to best serve underrepresented 
populations.   
With respect to the broader impact of responsiveness and intellectual work, 
research should be done to determine if findings are similar across different grade levels, 
content, curricula, ethnic groups, and wider variation in teacher practices. Additionally, 
analyzing multiple lessons within a year or even longitudinal studies over extended 
periods of time would provide evidence for the consistency (or inconsistency) of 
discourse patterns within a classroom and allow researchers to study the process of 
change. Broader samples with more variation in discourse patterns and demographics 
increase inferential power, allow for additional refinement of the coding schemes, and 
more sophisticated tests of reliability and validity.  
I also have specific research recommendations related to further investigations of 
the discursive constructs of intellectual work and responsiveness. First, collecting 
additional data at the student level (in particular, identifying student speakers in order to 
assign each a discourse measure) would allow researchers to determine whether there are 
added benefits for those students who talk more or if the benefit is for the class 
community as a whole. Second, looking beyond achievement scores, I recommend 
continued research on patterns of responsiveness and intellectual work incorporating 
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measures of affect as outcome variables (in addition to achievement and problem solving 
measures). This would allow researchers to study the impact of classroom discourse on 
self-efficacy, beliefs, confidence, etc. as well as the co-evolution of affective measures 
and mathematics learning. Further, responsiveness and intellectual work are only two of 
many features of classroom discourse. I also propose research focused on identifying new 
discursive patterns that are positively related to learning.  
Collecting student demographic information (which my study did not) inevitably 
raises questions of equity. What are equitable discourse patterns, and who decides what 
forms of communication and discourse are given preference? Does “equitable” discourse 
lead to better student learning? Are discourse-rich classrooms better for special 
populations (ethnic minorities, students qualified for special education services, ELLs, 
TAG students, and economically disadvantaged students)? What is ideal discourse in a 
bilingual classroom?  
And finally, analyses looking beyond whole-class discussion to see if similar 
patterns of intellectual work and responsiveness persist in peer-to-peer interactions or 
teacher interactions with small groups or individual students would be useful. Clearly, 
many questions about the influence of classroom discourse on teaching and learning 
remain. This is an area ripe for research.  
In summary, the primary recommendations drawn from this research are:  
1. Increasing public (teachers, researchers, policymakers, etc.) awareness of the 
power of discourse (its influence on learning and asking teachers to examine 
patterns within their classrooms),  
2. Providing appropriate and sustained support to change current patterns of 
classroom discourse,  
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3. Developing ways to thoughtfully integrate responsiveness and intellectual work 
with core mathematics content,  
4. Exercising balance and professional judgment when incorporating responsiveness 
and intellectual work in classroom discourse, 
5. Reexamining the roles of pedagogy and content in teacher preparation programs, 
and  
6. Continued research to address additional questions about discourse and learning. 
GENERAL DISCUSSION 
In closing I would like to highlight a few points. Although this research identifies 
specific aspects of the nature of classroom discourse and their relationship to student 
learning, my conclusions should be interpreted as descriptive and general guidelines, not 
as a prescriptive model. Certain discursive moves in and of themselves are not inherently 
good or bad. Low levels of responsiveness are appropriate at times, and sometimes high-
level demands are inappropriate. Effective discourse depends on the situation at hand – 
the originating contexts of moves, the relative positioning of the participants, and the 
goals and purposes of the exchange (O’Connor & Michaels, 1996). Answering the 
question of what makes a teacher effective or what qualifies as high-quality instructional 
practices is not a simple matter that can be considered independent of classroom contexts. 
Teaching cannot be reduced to a formula or a rigid application of speech acts. Good 
teaching is full of serendipitous opportunities that require flexibility, judgment, and a 
sense of timing based on past conversational histories and what is known about the 
resources students bring with them.  
In addition, although the focus of my research is classroom discourse, I 
acknowledge that discourse exists within a larger organizational structure of classroom 
activities. I argued earlier for the importance of discourse itself as a construct related to 
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but separate from the more macro levels of curriculum frameworks, units of study, daily 
lesson plans, tasks/activities, teacher/student/cultural beliefs, classroom norms (social and 
sociomathematical), and participant structures. In light of my results, I raise the question 
of where learning is located. Is it in the discourse itself? Are the discursive moves of 
responsiveness and intellectual work the primary causative agents of student learning or 
are they characteristics of a broader set of phenomena responsible for learning? In some 
sense, discourse acts as a thermometer indicative of (and providing a systematic way of 
measuring) a class’s culture and academic health with respect to responsiveness and 
intellectual work. 
Teaching and learning comprise a complex, interdependent system of activity that 
requires the coordination of processes and activities existing on different timescales. 
What is possible at one level (e.g., construction of participation structures) depends on 
the level below it (e.g., discourse patterns) and is constrained by processes at the level 
above it (e.g., classroom norms and tasks). Discourse is critical because repeated ways of 
interacting and talking create intellectual routines and habits in student thinking; students 
are socialized into ways of thinking through discourse. Moreover, discourse helps to 
create and order higher levels of activity in a classroom such as participation structures 
and the general classroom culture. At the same time, these more macro constructs 
constrain the range of possibilities for talk “in-the-moment.” For example, if the typical 
participation structure in a given classroom is an IRE exchange, then asking students to 
evaluate one another’s solutions is likely to elicit only superficial engagement with a 
focus on correctness. In this case, the larger classroom environment limits the 
effectiveness of a specific discursive move. Thus, a focus on the responsiveness and 
intellectual work reflected in teacher discourse without considering their place in the 
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larger classroom context (with specific rules and expectations for participation) is of 
limited value.  
We may not realize what we are asking when we encourage teachers to 
incorporate more intellectually demanding and responsive discourse patterns. Without 
question, this is hard, complex and time consuming work. But perhaps of even greater 
significance, we are asking teachers to cultivate practices that may be counter to their 
own culture. Upon reflection, it is not surprising to find low levels of intellectual work 
and responsiveness in middle school math classrooms; after all, these patterns of behavior 
are rarely found and are of decreasing value in our society at large. Responsive teaching 
that requires students to do the majority of work is difficult because it is essentially a 
selfless act. The focus is removed from one’s self as teachers no longer demonstrate their 
superior understanding of mathematics, but instead engage with another person putting 
others’ needs first. Teachers may struggle with the notion of surrendering control, sharing 
responsibility, trusting students to make sense of the content for themselves, and the 
unease of not being able to tie-up lessons with a neat bow stamped with 100% learning 
success for all of my students (as a classroom teacher I certainly did). 
The microanalysis of classroom discourse does not pretend that teaching is a 
simple activity; instead, it embraces and reveals its intricacies and subtleties. In the midst 
of facilitating classroom discussion a good teacher not only thinks of the mathematical 
content and how she responds in the moment, but she continually makes mental notes 
about the little one who never talks out, notices how her student with Asperger’s is 
working with his partner, remembers to give her ELL an opportunity to rehearse her 
strategy first before calling on her, redirects the little boy rolling around on the floor who 
apparently really was paying attention and solving the problem, and keeps her eye on the 
clock so her class will make it to P.E. on time. Discourse reflects, in some sense, the 
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complexity of teaching at the micro-level. With many of the activities of teaching we are 
tempted to oversimplify and reduce teaching to a series of manageable steps – simply 
implement this new program or curriculum and the transformation will be magical and 
immediate. The reality is that the classroom is a messy place. To pretend that it is not is a 
disservice to the men and women who have made teaching their life’s work. We owe it to 
teachers to grapple with the complexity of their profession and to provide more than 
simplistic “solutions” to questions of teaching and learning.  
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Appendix 
Coding Samples for Intellectual Work and Responsiveness  
 
T-15211 
 
Speaker Text IW Code Resp Code 
Teacher Predict from the graph which vehicle arrived 
first. Can you tell? 
  
Mult S’s The bus.   
Student 1 Cuz it has a steeper slope.    
Student 2 The bus got there.   
Student 3 Nuh uh, they got there at the same time. Yeah 
they got there at the same time. 
  
Student No they didn't. Because look it goes straight. 
It goes straight. 
  
Teacher The bus got there first. L Give L Uptake 
Student But it went straight to the right.   
Teacher It got there first. L Give M Uptake 
(corrective) 
Student So the bus got there first. (pause)   
Teacher Ok talk to me. L Dem L uptake 
Student Um the bus got there first because they got to 
180 miles first and they just kept driving 
around. 
  
Teacher I like that. Did someone have a flat do you 
think? 
L Dem L uptake 
Mult S’s Yes.   
Teacher Who do you think might have had a flat? L Dem M uptake 
(uses response 
of yes; form 
w/o function) 
Student The bus   
Teacher Yeah. Pause. Nobody had a flat? (to another 
student perhaps?) 
L Dem L uptake 
Student Or they could have like stopped.   
Teacher What do you think that flat piece of line 
means? 
H Dem L uptake 
Student 1 They just drove, they just drove straight.   
Student 2 They walked. 
(Many unintelligible student responses.) 
  
Teacher Ok does a straight line have a slope? H Dem M uptake  
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(questionable – 
is intent 
recall?) 
Mult S’s No.   
Teacher That means they stayed.  L Give L uptake 
Student It's at zero.   
Teacher That means they stayed Brian. L Give L uptake 
Same S 
(Brian) 
It's at zero.   
Teacher It's at zero. That flat line is zero. It means it 
stayed. So horizontal line, remember we 
talked about it. Horizontal line has a slope of 
zero. That means it stayed. So the bus got 
there early and it sat there and waited for the 
(pause) 
L Give (no 
explanation),  
L Dem 
M uptake 
Student Car.   
Teacher Van. L Give M uptake 
Student They were probably meeting up. Like a, a 
mom and dad. 
  
Teacher They were. Uh huh. L Give (eval) L uptake 
Student Like the, the van called and ** 
(unintelligible) were in the wrong place so 
they had to go get them. 
  
Teacher Alright let's write our answers down for (a.). 
Which vehicle arrived first? 
L Dem (bc this 
Q is repeated) 
L uptake 
St’s The bus.   
Teacher Write it down please. How long did it take 
each vehicle to make the trip? Melissa? 
L Dem L uptake 
Melissa Two hours for the bus and three hours for the 
van. 
  
Teacher Very good. L Give (eval) L uptake 
Student 1 Mrs. XXX (T’s name)   
Teacher Yes sir.  Bid/nomination 
– not coded 
 
Student 1 The bus drove further because   
Student No it didn't.   
Teacher No. L Give L uptake 
Student 1 If you just did that horizontal line and 
straightened it out. 
  
Teacher No. L Give L uptake 
Student 1 I know but they would have.    
Teacher Nope. L Give L uptake 
Student 1 They could have.    
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Student They went the same speed.   
Teacher Well let me ask you this. Which vehicle 
drove faster? 
L Dem H I uptake 
(takes up in-
correct answ 
in attempt to 
correct) 
Mult S’s The bus.   
Teacher The bus. Why? L Give 
(confirm),  
H Dem 
H II uptake 
Student It had a steeper, had a steeper   
Teacher Steeper what? L Dem  Med uptake 
(prompt to 
give additional 
info and 
complete the 
response) 
Student Line.   
Student Slope.   
Teacher Steeper line, steeper slope. Yes. L Give L uptake 
(rebr) 
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 T-14911:  Discussing why bus slows down in first simulation in “On the Road” 
 
Speaker Text IW Code Resp Code 
Tommy Yeah, the bus could have broken down and 
they probably had to go push it. 
  
Teacher Well let's think for a minute, if the bus broke 
down, think for just a second, if the bus broke 
down, would it be going 40 miles an hour? 
L Dem,  
H Give (Fake 
Question) 
H I uptake 
(contradiction; 
takes up S 
idea but T 
reasons) 
St’s No.    
Teacher Alright, so it would have stopped. What does 
it, what do you think it's going to look like on 
here if the bus did break down? 
L Give 
H Dem 
M uptake 
(minimal use 
of S resp to 
correct) 
Prism It'd have a dot, like a little, it'd have another 
dot wouldn't it? And then you'd start drawing a 
dot on the end. 
  
Terel Or it would just go straight down.    
Mason No it would be behind one of those antique 
cars that don't go very fast.  
  
Teacher <laughs> You got caught in a parade? L Dem M uptake 
(non math) 
Terel Oh wait, no it would just be a straight line 
sideways.  
  
Teacher Okay, how come? H Dem H II uptake 
St’s St's all speak at the same time.    
Teacher Alright, did you hear what Mr. <Terel's last 
name> said? 
H Dem (b/c 
Prism 
revoices) 
H II uptake 
(functions as 
request to 
repeat) 
Prism It would just go straight down the line because 
he's not going any further but he is using time. 
  
Teacher Okay, is this what you're asking? <draws 
horizontal line > It'd just be, well I call that 
flatlining, does that look like it's flatlining?  
L Dem, L 
Give  
(T requests 
confirmation) 
H II uptake 
St’s Yes.   
Teacher Okay, and so what you just said was I'm 
wasting time or I'm using time up, but I'm not 
doing what? 
H Dem 
(revoicing P’s 
explanation) 
H II uptake 
St’s Moving.   
Teacher Moving, alright? My distance isn't changing H Give,  H II uptake 
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from where I've started, so therefore I must be 
sitting. But while you sit, don't you use time? 
L Dem (revoicing) 
Prism Yes.   
Student Yeah.   
Teacher I mean, this whole class period's like 53-
minutes long, we're going to use 53 minutes of 
our lifetime just today, watching this 
classroom. Alright, are we going anywhere for 
this 53 minutes? 
H Give (T 
gives 
illustration), L 
Dem 
H II uptake – t 
gives ex of S 
conjecture 
Student No.   
Teacher No, where are we going to be? L Dem L uptake 
Student Right here.   
Teacher Right there in that chair, aren't we? We're not 
going to be moving. And so that, we're going 
to get to a map on that in just a little bit (t is 
referring to “the map” as the next 
problem/simulation). We sort of jumped ahead 
but that's okay. 
L Give M uptake 
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T-13511 
 
Speaker Text IW Code Resp Code 
Teacher Ok uh, now uh, the line segment. What did the 
line segment mean there (horizontal segment)? 
H Dem 
(request 
interpretation) 
 
Student The bus was going.   
Teacher What did the line segment mean if it’s just 
stopped in one place? 
L Dem 
(repeated Q 
and implied 
eval) 
L uptake 
Student 1 That means it means it stopped or it already got 
there. 
  
Student 2 It stopped.   
Teacher It already got there so it stayed at one place. How 
long did it stay there in that place? 
L Give,  
L Dem 
M uptake 
Mult S’s An hour.   
Teacher One hour ok. Remember we talked about slope? 
Does it have a slope here? 
L Give (rebr), 
L Dem 
L uptake 
Student (not loud) Yeah.   
Teacher What's the slope? L Dem L uptake 
Student 1 The thingie.   
Student 2 The steepness.   
Teacher Ok the steepness. But this one does this one have 
a slope? If it's this way here? (“this way” refers to 
horiz) 
L Give,  
L Dem 
M uptake 
Mult S’s No.   
Teacher Does it have a slope? Of what? L Dem L uptake 
Student (Very soft, T does not hear) Nothing.   
Teacher The slope is of what? Anybody know? Did we go 
up any? Did we go across any? 
L Dem L uptake 
Jasmine It's a number that describes the steepness of the 
line (reading from her workbook - the previous 
lesson. Unclear if T hears her). 
  
Teacher Did we go up any? L Dem L uptake 
Student A number that describes the steepness.   
Teacher Right but how many places did we go up? L Dem L uptake 
Student Once.   
Teacher Once. L Give L uptake 
Student Twice and then.   
Teacher No, we went two which way? L Dem M uptake 
(corrective) 
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Student Two vertical and one.   
Other S Not that one.    
Teacher We went two which way? Horizontal. Did we go 
any up, vertically? 
L Give,  
L Dem 
L uptake 
Student No (faint, hard to hear).   
Teacher Did we go any vertically? L Dem L uptake 
Student Yeah.   
Teacher No, so what number is that? L Dem L uptake 
Student Zero.   
Teacher Zero, thank you. The bus arrived first, what uh, 
which vehicle arrived first? 
L Give,  
L Dem 
L uptake 
Two S’s The bus.   
Teacher The bus. And then, uh two hours later who 
arrived?  
L Give,  
L Dem 
L uptake 
Student The van.    
Teacher The van. Okay, let’s look at (b). Run the 
simulation for the file onroad3. File onroad3. 
L Give L uptake 
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T-13611 
 
Speaker Text IW Code Resp Code 
Teacher Ok looking at that graph, now don't run your 
simulation yet. Some of you are getting a little 
ahead of us. Don't run your simulation look at 
your graph only. Can you reset your simulation 
if you've already accidentally started it? That's 
ok, that's ok. Look at your graph only. What do 
think happened on the trip? Larissa? 
  
Larissa The bus took a different path.   
Teacher The bus took a different path and why do you 
think that? 
H Dem H II uptake 
Larissa They started off the same but then the bus took 
a different path because 
  
Teacher (interrupting) Ok so you're saying that the graph 
shows us where the bus went. (Pause.) How 
does, **(unintelligible utterance by Larissa). 
Oh, no, you're changing your mind? 
H Give,  
L Dem 
H II uptake 
Larissa No it doesn't show us where they went but it 
shows that they went like up from the car. 
  
Teacher So they went, they went north is that what 
you're saying? The graph shows us that they 
went north. And how does the graph show us 
that they went North? 
H Give,  
H Dem 
H II uptake 
Larissa Because it usually, it usually has a slanted line, 
but instead of having a slanted line it goes up 
and then it goes back to the straight. 
  
Teacher (interrupting) Ok I think Payton's disagreeing 
with you. Payton are you disagreeing? 
Respectfully. 
L Dem H II (invite 
other S to 
comment) 
Payton Oh I just thought of something else.   
Teacher Ok can you hold that thought for just a minute 
cuz we're we're looking at what what she's 
looking at is she thinks that (T draws graph for 
problem 2, p.30 on the board) this angle where 
this is actually two lines shows that the bus 
went off this direction (uses hand to trace over 
the motion of bus's upward motion) and then 
came this direction (gestures more 
horizontally). You disagree? 
H Give,  
L Dem 
H II uptake 
St 1 Yes.   
Teacher Why do you disagree? H Dem H II (asking 
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S to take up 
L’s thinking) 
St 1 Because it doesn't, it's not showing you the 
direction it's showing you how many miles they 
traveled. 
  
Teacher Ok so Larissa maybe you're thinking they went 
a different direction because they went a 
different number of miles. (Pause. T walks over 
and stands next to Larissa). Ok are you seeing it 
a little bit? See what I see here is you're saying 
they started off at the same point and went how 
many miles before they changed something? 
(unintelligible comment by Larissa.) Can you 
see that across there 140 miles? And then they 
went how many more miles? Can you tell? 
They ended up going 180 miles in all. Eric 
would you not run your simulation yet please? 
There should be no clicking. 
H Give H I – T’s 
reasoning in 
response to 
perceived 
misconcep-
tion 
Larissa I see it.   
Teacher Uh oh, change your mind? Ok can you tell us a 
little more then? (Pause and no response) What 
happened here? 
H Dem H II uptake  
Larissa Maybe they stopped.   
Teacher Maybe they stopped. Ok if they stopped what 
would it look like? (to whole class) 
L Give (rebr), 
H Dem 
H II uptake 
Student It would be straight.   
Teacher It would be a straight, well they're all straight, 
what do you mean? 
H Dem H II uptake 
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